PREPARED FOR SUBMISSION TO JHEP

Information clustering and geometric pressure in AdS;

Feiyu Deng
Institute of Theoretical Physics, Chinese Academy of Sciences, Beijing, China

E-mail: dengfy@itp.ac.cn

ABSTRACT: Joint quantum storage saves memory through correlations, while coopera-
tion requires access to several laboratories. We formulate this competition at a fixed
finite factorizing regulator, with specified component algebras, independently recover-
able block memories and a nonnegative merger price. The optimal net saving is the es-
tablished entropy-partition objective evaluated on actual component marginals. In the
leading Einstein-AdSs vacuum RT entropy model, this optimum has a geometric repre-
sentation. For fixed finitely many separated intervals, the minimum of free perimeter
plus positive homology area, relative to separately optimized single-interval caps, satisfies
FY = FY gise = —qGEY + O(ce/$), where ¢ = V1 — A2 and 7 = cnA\/(3q). The ultraviolet
estimate is uniform on compact subcritical source intervals, and the minimization is over
positive finite-perimeter regions with exact trace and compact essential support. Entropy-
preserving component refinement and a global calibration establish the representation. Re-
placing RT entropies by actual-state entropies requires separate error bounds. Collective,
nested and free-Dirac examples distinguish the partition effects. First-derivative estimates
determine the geometric area jump, without extending the result to finite-c derivatives.
The representation extends to the noncompact thermal line with a charged horizon. A
compact-BTZ annulus instead gives a finite mismatch at the unchanged tariff.
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1 Introduction

Correlations reduce the memory needed to store a quantum source when separated labora-
tories can encode it jointly. If joint access carries a cost, the storage problem also requires
a choice of which laboratories cooperate. The relevant quantity is the memory saving after
that cost is paid. Its definition requires the component algebras, the allowed encoding and
decoding operations, and the charged resources; the spectrum of the joint density matrix
alone does not determine it.



Consider a quantum field theory at a fixed finite factorizing regulator, with speci-
fied component algebras on A = (Ji*.; A;. The separated maximal connected components
are the laboratories. Their algebras are supplied as part of the task, without assuming
a canonical continuum tensor factorization. A partition groups the laboratories into co-
operating blocks, each with its own encoder, memory and decoder. Every block must be
recoverable from its own memory. For a set of labels B, write pp for the reduced state on
Ap = U,ep Ai, with p; = pg;. The memory saved by jointly storing this block, relative to
separate storage of its components, is its total correlation,

— Z S(pi) —S(pp) = D(PB
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Here S and D denote the von Neumann entropy and quantum relative entropy, measured
in nats. Joint access costs 7(|B| — 1) per source use, with 7 > 0. Thus every additional
laboratory in a block has the same per-use price, and the charge is extensive in the number

of source preparations. For this access model, the minimum combined cost of storage and
access, C, and the net saving relative to separate storage, G, satisfy

Cr=>_S(pi) = Gr = min [Z S(pp) +7(n - \PI)] : (1.2)
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The label set is [n] = {1,...,n}; P I [n] denotes a set partition and |P| its number of
blocks. The saving can therefore be written as

Gr(pa; {Ai}) —max{ZT -7 n—|73|)} (1.3)
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The maximization includes every set partition, including blocks with nonconsecutive labels.
In (1.1), the actual marginals fix the product state; there is no auxiliary reference state to
choose. The state, component algebras, block-storage rules and access price then determine
the optimization.

This objective is the residual-entropy partition construction of info-clustering, evalu-
ated with von Neumann entropy in place of Shannon entropy [1-4]. In particular, C; — nr
is the Dilworth truncation of the residual-entropy function B — S(pg)—7, evaluated on [n]
[1, arXiv v3, section III-C, egs. (3.10)—(3.13)]. The established partition optimization and
hierarchy describe how correlation savings compete with access costs. Strong subadditivity
gives the submodularity needed for the quantum entropy input [5].

The storage rates refer to independent repetitions of a fixed source. Each decoder
recovers its block and its correlations with a purifying reference from its own memory,
without decoder side information or shared auxiliary entanglement. Schumacher compres-
sion and its converse give the entropy sum in (1.2) [6, 7]. Section 2 states the resource
assumptions and realizes the merger count through an all-pairs access network. It also
separates regulator refinements that preserve the laboratories from changes of the access
task itself. The resulting saving is defined for general regulated states.



In the leading Einstein-AdS3 vacuum RT entropy model, the same partition optimiza-
tion can be computed geometrically. Keeping the regulator and component algebras fixed,
we use RT block entropies as its input and represent the optimum by a perimeter-plus-area
minimum. On a time-symmetric Poincaré slice with metric
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we prescribe the interior cutoff trace A and define
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The class A¢(A) comprises positive finite-perimeter regions with exact interior trace A and
compact essential support. Each region lies almost everywhere in some compact subset of
the closed cutoff half-plane z > ¢; the class has no common containing box. Free perimeter
excludes the prescribed cutoff intervals, and the area is the positive homology area. The
source \/R changes both the boundary curves and their preferred connectivity: increasing
pressure shrinks caps and can eliminate bridges between components. We compare this
minimum with F¥ g, the sum of the independently optimized single-interval cap actions
at the same source.

For every fixed finite union of separated vacuum intervals, we prove the relation

Ff\(A) - FAE,disc(A) = _qGET(Ala s aAﬂ) + 0(66/6)3
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Consecutive endpoints are separated by at least § > 0. The superscript RT specifies that
every block entropy is taken from the leading semiclassical Einstein-AdSs vacuum RT model
[8, 9]. With endpoints and n fixed, the error is uniform as A ranges over a compact subset
of [0,1). Equation (1.6) therefore gives the optimal net memory saving as the relative
geometric saving divided by g. The relation between 7 and A matches the specified access
price to the geometric source. Both are inputs; G is the information quantity represented
by the minimum. Replacing actual-state entropies by their RT values requires separate
entropy-error bounds.

The proof first relates field blocks to homology components. Graph min-cut results
ensure that disjoint subsystems admit disjoint min-cuts and that disconnected minimiz-
ing components remain min-cuts for their traces [10, section 2.4, Lemmas 3-4]. We give
the continuous finite-anchor separation argument and its ultraviolet limit. Each block en-
tropy already minimizes over all RT channels. When a minimizing homology region splits,
refinement of the block preserves its entropy and cannot increase the cooperation charge.
Unrestricted field partitions can thus be compared through positive homology components.

The geometric minimum is then obtained from calibrated directed pressure arcs. Min-
imizing their total cost over endpoint assignments produces disjoint arcs with the required
orientations. A finite-perimeter lower bound rules out a smaller action from rough bound-
aries, extra cutoff contacts or loops. This establishes the global comparison, including tied
channels, beyond the stationary-circle calculation.



The optimized arc action fixes the source-to-price relation. Its ultraviolet expansion
consists of the RT logarithm multiplied by ¢, a common endpoint contribution and a
signed orientation contribution. The orientation count determines the number of positive
disk components. Subtracting the independently optimized caps cancels the common terms
and leaves the entropy-partition objective with the tariff in (1.6). The subtraction compares
optimized cooperating and no-cooperation configurations at the same source.

Collective and nested examples show why the full partition domain matters. Three
components can save memory collectively although every individual pair merge loses, and a
block with nonconsecutive labels can be strictly optimal. A free-Dirac benchmark separates
this pooling effect from the stronger leading-RT possibility of positive triple saving with
vanishing pair mutual informations. The pressure representation associates changes in
the cooperating groups with finite area jumps and determines their cutoff corrections. It
extends to the noncompact thermal line when the oblique cutoff and charged horizon are
included. Compact BTZ permits an annular region in the same perimeter-plus-area family:
its Euler characteristic no longer counts laboratory groups. The resulting finite mismatch at
the unchanged tariff limits the geometric representation while leaving the storage optimum
well defined.

Subregion volume already has information-compression interpretations. Abt et al. re-
late subregion complexity to the tensor-network complexity of an optimal compression
map [11, arXiv v2, sections I and III.A]. Their construction separates the Hilbert-space
size at the RT cut from the number of tensors implementing the embedding; for a general
network, this tensor count only bounds circuit complexity from above. Their subsequent
kinematic-space construction expresses vacuum subregion volumes in terms of boundary
entanglement data [12]. These are direct antecedents of the information/volume interpre-
tation. Compression-map complexity, asymptotic memory rate and recurring access rental
measure different resources. Constrained state merging also assigns an operational optimal
cost to curve lengths in a different task [13].

The variational argument draws on several established results. Info-clustering gives
the partition objective and hierarchy [1], and graph min-cuts give the component structure
[10]. Planar least-gradient theory distinguishes BV rotation from the conversion of an
optimal flow into a transport plan [14, arXiv vl, section 1 and Proposition 2.3]. The
anisotropic least-gradient /Beckmann equivalence requires a bounded contractible Lipschitz
domain and uniformly elliptic norm integrands, with zero boundary mass needed for the
reverse minimizer construction [15, arXiv v1, section 3, Theorem 3.4]. Under the respective
strict-convexity hypotheses, exact-trace existence is known for BV data, including finite
jumps with atomic derivatives [14, arXiv v1, Proposition 5.1][15, arXiv v1, Theorem 7.1].
Least-gradient functionals with a volume source have been studied on bounded domains
subject to barrier, regularity and smallness assumptions [16]. These hypotheses do not
yield the nonreversible exact-trace result on the unbounded hyperbolic domain considered
here. Constant-geodesic-curvature magnetic arcs and the distinct Randers constructions
with constant flag curvature are also known [17, 18].

Our result evaluates the specified block-storage and recurring-access optimum as a
global geometric minimum. It uses the established compression principle and partition



objective. The additional statements are the tariff-matched nonzero-pressure minimum
with exact binary trace, its explicit coefficients, the global endpoint assignment and the
cutoff-contact classification of all minimizers, together with first-derivative control and the
compact-topology obstruction. The directed cost depends on position and is nonreversible.
Although the cutoff domain is unbounded, every admissible competitor has compact essen-
tial support. Attainment and the classification of all minimizers hold in this class; extension
to its finite-action closure remains unproved. The following comparison is limited to the
relevant distinctions from the cited antecedents.

Established result Use and further result in this paper

Info-clustering [1, arXiv v3, The residual-entropy partitions and hierarchy are used as

section ITI-C| established. We derive the pressure representation of the
optimum and its source-to-price coefficients.

Min-cut refinement [10, Graph models give disjoint cuts and component additivity.

section 2.4, Lemmas 3-4] Appendix C proves the continuous finite-anchor statement

and takes its ordered ultraviolet limit.

BV/Beckmann and transport The anisotropic norm-cost equivalence assumes a bounded

[14, 15]; source functional contractible domain; its reverse minimizer construction

[16, equation (1.3)] requires zero boundary mass. We use calibration and current
decomposition for the nonreversible hyperbolic reduction,
positive-region reconstruction and classification of all
contacts. Binary jump data are already covered by earlier

results.
Integral-current The decomposition theorem is used unchanged. Appendix E
representation [19, derives the endpoint, weighted-mass and one-form
Proposition 2.4, consequences needed here; appendices G and H treat the
Theorem 5.3] remaining ambient spaces.
Magnetic and Randers curves The constant-curvature mechanisms are established.
[17, 18] Appendix D computes the cutoff-directed action and

equality conditions for this problem, without adding a
general Randers theorem.

Compression and RT-volume  Earlier work supplies compression-map interpretations,

topology [11, 12, 20] entropy-based volume formulas, Euler-characteristic jumps
and annular sectors. For the distinct memory-rate/access
task, we derive the global pressure representation and tariff
dictionary, control its response and exhibit the compact
mismatch at the unchanged tariff.

The representation depends on the specified access-resource model; it does not determine
a unique microscopic access price in quantum field theory.

Sections 2—-4 develop the storage task, its RT partition reduction and the pressure
minimum. Section 5 gives collective and nested phases and their area response. Section 6
extends the calculation to the thermal domain and identifies the compact obstruction. The
coding, variational and topological proofs appear in appendices A—H. The companion note
Field constructions and their composition limits treats spectral, interval-family, supplied-
probe, density-geometry and replica constructions as separate tasks. They provide no
additional proof of the actual-state saving.



2 Component algebras and the storage task

At a fixed finite factorizing regulator, consider the actual state on H4 = &Q; Ha,. Its
laboratories A; are the maximal connected components of the prescribed region. All in-
formation rates use natural logarithms. For m independent preparations of the source,
choose a partition P and assign an encoder and decoder to each block. A decoder acts
only on its block’s stored memory. It must recover the block, including correlations with a
purifying reference, with entanglement fidelity tending to one. Decoder side information,
shared auxiliary entanglement, uncounted memory and joint decoding between blocks are
excluded.

For these resources, the noiseless source-coding theorem fixes the minimum sum of
memory rates to > pcp S(pp). Schumacher compression achieves the rate of each block,
and the memory-dimension converse gives the matching lower bound. Contractivity and
a telescoping estimate ensure vanishing joint recovery error when the number of blocks
is fixed. Separate storage costs Y., S(p;), leaving a saving of > 5 T(B). The product of
the source marginals is also the unique product state minimizing relative entropy [21].
Appendix A gives the coding and relative-entropy arguments. The coding limit is taken at
fixed regulator and fixed theory, before any ultraviolet or large-c comparison. Independence
is assumed between repeated preparations, with no spatial independence requirement.

We charge m7(|B| — 1) memory-equivalent nats for joint access to a block. The same
per-use price applies to each additional laboratory, so the full partition incurs mr(n —
|P|). Minimizing the combined memory and access rates gives (1.2), and comparison with
separate storage gives (1.3). The recurring nature of the charge matters: a fixed installation
fee would vanish upon division by m, changing the asymptotic task.

A homogeneous access network realizes the merger charge. Give each laboratory free
internal coherent control, and allow any pair to rent an ideal quantum link for the batch at
cost m7. The active links remain fixed throughout the batch. Within a connected group,
registers may be routed to one laboratory for joint encoding or decoding and then returned.
Traffic, capacity, latency, temporary workspace and driving energy are not charged sepa-
rately. Write H for the graph of active links on the laboratory labels, E(H) for its edge
set, and P(H) for the partition into connected components. The number of rented links is
|E(H)|. Connecting k laboratories requires at least £ —1 links, with equality for a spanning
tree. Therefore

A [BCED| = 32 (1B = 1) =~ [P (2.1)
Connectivity thus fixes the number of charged links, while their homogeneous per-use price
is an assumption of the model. State merging and quantum communication obey different
resource laws that depend on the state [22, 23].

The choice of laboratories precedes the choice of partition. Free coherent control within
each connected component of A, together with the absence of a free relay through the com-
plement, makes the maximal connected intervals the chargeable laboratories. Subdivision
of regulator cells leaves them unchanged if it preserves these free-control domains. Treating
the subdivisions as independent laboratories changes the access task. Appendix B states



the conditions for state-and-algebra-preserving refinement and gives the optimization for a
weighted access graph.

For example, let laboratories 1 and 3 share a uniform classical bit, with 2 pure. At price
T = 0.4, all-pairs access favors {1, 3} | {2} and yields log 2—0.4 > 0. Restricting the network
to nearest neighbors, or assigning complete-graph weights (w12, w3, w13) = (1,1, 2), makes
separate storage optimal with zero saving. Only the available access resource has changed;
the source state is identical. The competing costs are given in appendix B.

With two laboratories, the choice is between joint and separate storage:

Gr = (I(Ay : A) —7)5. (2.2)

For three or more laboratories, total correlation can cover a block’s collective charge even
when every pair fails this test. This requires optimization over all set partitions. Restricting
to pairwise-greedy merges or consecutive labels would impose an additional constraint on
the task.

The submodular partition structure fixes the response to access price. The saving
is nonnegative, bounded by the total correlation of the union, monotone under product
local quantum channels, and additive between independent groups of components. As
T increases, (G, remains continuous, convex and nonincreasing, while the finest optimal
partitions refine. These statements are proved in appendix A. Entropy counterterms that
are additive over the specified components cancel in the difference between each partition
cost and separate storage. Consequently, if the finitely many block relative entropies have
finite continuum limits, so does G, even when the individual storage rates diverge.

3 From entropy partitions to positive homology components

To evaluate the storage optimum in a holographic vacuum, each nonempty B C [n] must be
assigned its marginal entropy S(pp), minimized over admissible Ryu—Takayanagi geodesic
channels. Order the interval endpoints dAp along the boundary. We denote by NC(0Apg)
their noncrossing perfect matchings compatible with positive homology to Ag. Each end-
point belongs to one pair, and pairs do not interlace. For a pair (a,b), the ordering a < b
corresponds to z, < xp. In a common endpoint convention, the leading semiclassical
Einstein-AdSs vacuum entropy is

c . Th — Tq
- min Z 2log . (3.1)
6 MpeNC(8AR) (@M

Srr(AB) =

The holographic-vacuum assumptions are essential to this entropy model; large central

charge by itself is insufficient [8, 9]. For all 2n ordered endpoints, the corresponding

matching set is abbreviated as NC(2n). We use € for both the entropy convention and

the radial anchors only in the ultraviolet comparison; no microscopic finite-wall duality is
assumed.

The field partition imposes no geometric connectivity constraint. A block’s minimiz-

ing RT region may split into positive components. Refining the block along their traces



preserves the entropy sum and cannot increase a nonnegative tariff. This is the component-
additivity mechanism of min-cuts [10, section 2.4, Lemmas 3—4]. The graph result supplies
the structural step; the finite-anchor argument below establishes disjointness and exact
component traces in the continuous geometry, including tied minima. Refinement acts on
marginal entropies already minimized over all their channels. Minimizing the unrestricted
field cost can thus select a geometric connectivity pattern.

For a noncrossing matching of all endpoints, let Lgp (M) be its dimensionless logarith-
mic length and x(M) its number of positive homology components. A geodesic minimum
has no compact interior holes, so its Euler characteristic equals this count. Separate posi-
tive caps inside cutoff-connected negative gaps remain components.

Theorem 3.1 (RT partition reduction). For every 7 > 0 and every fized finite set of
distinct interval endpoints,

RT . c
GT = ; SRT(AZ’) — MEIIGICI%Qn) éLRT<M) + T(n — X(M)) . (3.2)

A minimizing field partition has a noncrossing representative after entropy-preserving com-
ponent refinement. The statement concerns values and does not assume unique optimizers.

Begin at finite anchors, with geodesic entropies Sge,. Fix a field partition P and
select an entropy-minimizing region for each block. These regions have disjoint interiors:
cutting and reassembling free boundaries at a crossing preserves their total length, whereas
rounding the resulting corners strictly reduces it. Geodesic uniqueness and distinct anchors
also exclude tangencies. Each positive component minimizes entropy for its own trace.
Otherwise, uniting a shorter replacement with the remaining components would lower
the block perimeter by subadditivity, contradicting minimality. Component refinement
therefore leaves the entropy sum unchanged and gives a matching with x (M) > |P|. For
7 > 0, this implies

S Lueo(M) +7(n = (M) < 3 SyeolAp) +7(n — [P]). (3.3)
BeP
Taking minima bounds the geometric cost from above by the field cost.

For the reverse inequality, take any noncrossing matching. Its positive components
define a field partition Py; with |Pys| = x(M). Their boundaries provide admissible
entropy channels for the corresponding blocks. Minimizing each marginal entropy over all
admissible channels can only lower the component cost, giving

mgn Z Sgeo(AB) + T(n - |7D|) < Z Sgeo(AB) + T(TL - X(M))
BeP BePy

% Lgeo(M) + 7(n — x(M)). (3.4)

<
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The minimum over M gives the opposite inequality and hence equality at finite anchors.
To pass to the ultraviolet, keep the endpoint set fixed. There are finitely many can-
didates, each with n edges, and 2arsinh(A/2¢) = 2log(A/e) + O(e?/6?) holds uniformly.



Subtract the common divergence before minimizing to obtain (3.2). Appendix C proves
the separation argument in full and gives a counterexample for negative tariff.

Noncrossing does not require consecutive blocks. For {1,3} | {2}, an outer positive
region joins the first and third intervals, while a separate middle cap lies in its cutoff-
connected negative gap. Such a nested partition is the strict optimum in the geometry of
section 5. The remaining task is to generate the component price from a single perimeter-
plus-area minimum at the corresponding source.

4 A pressure representation of optimal storage

The component count in theorem 3.1 still enters GTRT through an explicit cooperation
price. A local area source reproduces that price once the free boundaries are optimized.
Nonzero pressure displaces those boundaries from their geodesic positions, so perimeter
and positive area must be varied together. We keep the storage task fixed and derive a
geometric representation of its optimum.

Work on He = {(x,2) : z > €} with cutoff wall I'. = {z = ¢}. Competitors are
measurable positive regions F C H., identified modulo two-dimensional null sets. Compact
essential support requires, for each competitor, a compact K C H, with E C K almost
everywhere. This K may vary with E; no common containing box is fixed. Impose 1g €
BV(H.) and

trp, 1p =14 H!-almost everywhere on T',. (4.1)

Here the interior BV trace is obtained almost everywhere from averages over shrinking
upper half-balls. These conditions define A (A) without restrictions on topology, boundary-
component number or regularity. Compact essential support is imposed on competitors; it
is not inferred for arbitrary finite-action regions reaching infinity. Additional cutoff contacts
are allowed and will be excluded for minimizers.

The variational setting is weighted, anisotropic least-gradient theory [15, 24]; func-
tionals with a volume source have also been studied [16]. For a positive 0/1 region, the
action depends only on the region and its reduced boundary. Null-set changes such as
zero-width cracks or appended filaments therefore create no extra boundary components.
In unit-radius variables, define

1
PH(E;HG):/ ﬂ, AreaH(E):/ d:L‘;iz
O*ENH. * E Z2
S(A)= inf {Py(F;H, A E)}. 4.2
J5(4) = int | {Pu(B: )+ X Arean(E)) (4.2

The dimensional quantities satisfy Lgee = RPr, V = R? Areay and J§ = 6F5/c. The
perimeter charge includes only the free boundary. The cutoff data are fixed by the interior
trace in (4.1); changing a representative’s literal intersection with the wall neither changes
that trace nor introduces an independently variable zero-cost boundary.



4.1 The global pressure minimum

Write the line and area forms as

Vdz? + dz? dz dx Adz
a:f7 /8:7’ d/BZT. (4.3)

In planar least-gradient theory, rotation of the BV derivative produces a Beckmann flow
with boundary source and sink measures [14, 15]. Here the derivative of the interval trace
gives unit atoms at the endpoints. Stokes’ theorem expresses the area through an oriented
boundary integral, yielding the directed cost oo — A3. This cost is nonreversible, unlike the
symmetric norm or Riemannian costs in those least-gradient results. Nonreversible costs
and constant-curvature magnetic arcs are established Randers/isoholonomic ingredients
[17, 18]. The cited least-gradient existence results already cover BV boundary data with
atomic derivatives under their respective hypotheses. The present reduction combines a
position-dependent Randers cost on the unbounded hyperbolic half-plane with exact trace
and no wall mass, positive binary-region realizability, and classification of every cutoff
contact. We prove the assignment formula in this domain:

AW -
D=+ min Y d5\(ui, ve)), W=D (05— wi), (4.4)
i=1 i

where each directed edge has cost

&S (wv)=  inf /C (@ — AB). (4.5)

C:(u,6) = (v,6), 22€

Because every terminal endpoint occurs once, the width term is common to all assignments.
We construct a region attaining the minimum assignment cost and prove that this cost
bounds every finite-perimeter competitor from below.

For an edge, set A = |v — u|, d = A/2 and 0 = sgn(v — u). The directed distance is

R . Ad
H)(d) = qarsinh — + )\ arcsin ——, 4.6
AMd) =q c BT (4.6)
dS(u,v) = 2Hy(d) — 20X arctan @ (4.7)
€
Adding the oriented cutoff width gives its action

d d
Ine(u,v) =2H)\(d) + 20\ | — — arctan — | . (4.8)

€ €

The minimizing curve has constant geodesic curvature. Absorb its orientation into k = g ;
the Euclidean circle parameters are

Ve +Pd? + ke
= > ,

Ze = —KTg, K=0M. (4.9)
q

K

Use the entire circle segment above the cutoff. Reverse arcs may overhang horizontally
and would be lost in a graph-restricted variation. Figure 1 shows the competition between
connected and disconnected pressure minima for two intervals.

~10 -



(a) Field partitions (b) UV information saving
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Figure 1. Storage choices and pressure minima for A; = [0,1] and A = [1.2,2.2]. (a) The
boundary grouping problem compares separate storage, of cost S; 4+ S5, with joint storage, of cost
S12+7. (b) In the leading-RT ultraviolet model the saving is G = 6GET /¢ = 2[log(25/11) — A /q]+,
where ¢ = v/1 — X2 and 7 = c¢A/(3q). The two costs tie at \. = log(25/11)/\/7r2 + log?(25/11) =~
0.25284. Dots indicate the sources shown below. (c¢,d) Exact finite-cutoff global pressure minima
for A = 0.15 and 0.45 at € = 0.008. Both endpoint assignments are compared; the selected regions
are shaded by their positive homology area. The orange reverse arc bounds the excluded cutoff-
connected gap, and thick segments denote the fixed trace. The optimized circular arcs are drawn
in equal-aspect Poincaré coordinates. The transition in (b) belongs to the ultraviolet information
limit; its A\ need not coincide with the finite-cutoff transition.

A global calibration controls arbitrary paths, including overhanging reverse arcs. In
Fermi coordinates (p,t) about a suitable geodesic, choose a globally defined endpoint func-
tion 1) obeying

o? = dp? + cosh? pdt?, B + sinh pdt = dy (4.10)

These identities give the calibration inequality
a— kB > qdt — kdy. (4.11)

Saturation requires p = —artanh x and motion forward in t. Integration gives a sharp
endpoint lower bound, with equality only on the stated arc up to increasing parametrization

- 11 -



and pauses. Reflecting the construction covers the reverse direction. Appendix D supplies
the coordinates, equality analysis and definite integrals, establishing (4.7) for arbitrary
paths.

Take an endpoint assignment of minimum total cost and the calibrated arc for every
edge. If two arcs intersect, exchange their outgoing tails. This preserves both the total di-
rected action and the endpoint bijection. Each exchanged path must saturate its endpoint
bound: strict inequality would allow replacement by a calibrated arc and lower the assign-
ment cost. Distinct oriented tangents produce a corner or reversing cusp after exchange,
violating the calibration equality conditions. Equal tangents force coincidence by unique-
ness for the constant-curvature initial-value problem. The connected segment of that circle
above the cutoff then has the same two anchors, contradicting distinct endpoints. Hence
every minimizing assignment consists of disjoint, simple arcs whose interiors lie strictly
above the wall.

To reconstruct the positive region, label the ordered cutoff endpoints z1, ..., zs,. Odd
labels are starts and even labels are ends. Closing each arc with its cutoff chord produces
caps that are disjoint or nested. Outermost arcs point left to right. Directions alternate
with depth, since preceding sibling subtrees contain an even number of endpoints. Taking
the points covered by an odd number of caps gives a region with trace A and

00=A, -3 Ci,  Arean(Q) = VZ—Z/C 8, Pu(Q) :Z/C a. (4.12)

Its action equals the assignment value. Reverse inner arcs subtract enclosed area while
contributing positive perimeter, as the oriented boundary of a positive region requires.

Lemma 4.1 (Finite-perimeter reduction and cutoff-contact elimination). For 0 < \ <
1, the infimum in (4.2) is attained and equals (4.4). Every minimizer, up to null sets,
18 a regular positive region bounded by the fized cutoff intervals and exactly n disjoint
calibrated free arcs. Its geometric free boundary meets I'¢ precisely at OA, and each meeting
is transverse. Consequently, any admissible region with a genuine additional cutoff contact
admits a strictly lower-action replacement with the same BV trace. This includes tangential
contacts; no local corner-rounding hypothesis is required.

For the lower bound, extend 15 by zero below the cutoff. The reversed free-boundary
current has the prescribed endpoint boundary and carries no wall mass. Its mass-additive
decomposition consists of n anchor-to-anchor paths and closed curves. Each path obeys the
calibration bound; each closed curve costs at least (1 — A) times its hyperbolic length. The
constructed assignment region attains this bound. Equality excludes cycles and forces every
path onto a calibrated arc, eliminating additional wall contacts. The trace and current
argument in appendix E also handles tangencies, accumulating contacts and transversality
at the endpoints.

The order of minimization matters: first minimize over endpoint assignments, then re-
construct the positive region. Deforming a nonwinning noncrossing geodesic matching edge
by edge can produce intersecting arcs. Such deformations need not be admissible embedded
pressure channels; the global assignment minimum supplies the admissible representative.
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4.2 Uniform limit and the cooperation tariff

At fixed edge length and subcritical source, the minimized edge action has the expansion

AMv —u)

Ine(u,v) = +2qlogé +2(qlogg + Aarcsin \) — Ao + O(e/A). (4.13)
€

Summing signed widths gives AW /e. Every edge has the same endpoint contribution
2(qlogq + Marcsin \), leaving the orientation term to distinguish channels. A positive
component meeting k interval traces has one forward outer arc and k — 1 reverse gap arcs.
Thus
> e =2x(M)—n. (4.14)
eeM
Positive caps nested in cutoff-connected gaps contribute to this component count.

With fixed finite n, all possible edge lengths are at least §, so the remainder is uniform
over the finite assignment set. Every unrestricted assignment winner is noncrossing at each
cutoff; restricting the minimum to that subset therefore leaves its value unchanged. After
subtraction of the common terms, the uniform limit determines the leading minimum even
at channel ties. Embeddedness of nonwinning deformations is unnecessary. Combining
(4.13) and (4.14) yields

F\ = g {)\6 + 2n(qlog q + Aarcsin \) + 7T)\’I’L]
. cq e
—Lgr(M) — —x(M . 4.1
Merlgucrén) [6 re (M) 3 X( )] +Olee/9) (4.15)

Partition dependence survives only through the RT length and positive component count.
Matching these terms to theorem 3.1 determines the same price for every channel:

cTA cTA
r= 2 S S 4.16
q WiBy (4.16)
Theorem 4.2 (Positive-area correspondence). Let A have fized finite n and distinct nonde-
generate interval endpoints, and let Fy be defined by (1.5) on the compact-essential-support

class Ac(A). In the leading vacuum RT entropy model, for 0 < X < 1,
F§ - fo,disc =9 GBT + 0(66/5)7 q=V 1- )‘2, (417)

with the price (4.16). The remainder is uniform on compact subintervals of [0,1) at fized
endpoints and fired n. The disconnected baseline is the sum of the separately pressure-
optimized single-interval caps.

The separately optimized caps contribute ¢ Y, Srr(A4;) in geodesic entropy and have
n positive components. Subtracting their baseline from (4.15) cancels the fixed-trace and
common endpoint terms. Theorem 3.1 then yields (4.17). Appendix F gives the raw
normalization and remainder bounds. For a single interval, G = 0: the optimized cap and
its reference share the entire pressure response. The source-free limit A\ = 0 recovers the
RT region.
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Boundary displacement accounts for both the factor ¢ and the common endpoint func-
tion. The signed orientation term counts positive components, converting their competition
with entropy into the tariff. Holding RT geodesics fixed while evaluating area would discard
this displacement and define a different variational problem.

To separate geometric cutoff errors from errors in the entropy input, suppose S(pp) =
Srr(AR) + ep for every nonempty subset and set 2 = maxp.g |eg|. Comparing the finite
partition minima then gives

G, — GRT| < 2nE. (4.18)

The actual-state saving can therefore replace GET in (4.17) at an additional value error of
at most 2gnE. This bound, derived in appendix F, gives no control of source derivatives.
The area response requires its own derivative estimate.

5 Collective phases, nested groups and area response

Three components already admit collective mergers and spatially nonconsecutive groups.
Their complete price envelopes exhibit both effects and supply the stable branches for the
area-response calculation. We use the normalization
~ ~ 6 6 2mA
S=2s, G=->G, rF=->r="2 (5.1)
c c c q

The hats express entropies and savings in units of ¢/6, leaving the physical central charge
unchanged. The last equality follows from the holographic source-to-price dictionary. For
the free-field example below, T is an independently varied access price.

For two intervals, let £1, ¢s be their widths and g their separation, and define

1515
ti+9)(la+g)

"= (5.2)

The leading-RT mutual information is (¢/3)[log(n/(1 — n))]+ [9]. Combining the field
threshold (2.2) with the pressure correspondence gives

GRT = ¢ [logn—?ﬁ

3 1—-n cly
A
F/{ — F)\e,diSC = —% |:10g % — % =+ 0(66/5) (53)
+

At leading ultraviolet order, the connected branch minimizes the pressure action when

1

T Ttexp(—mA\q) (5.4)

n > ncrit()‘)
The zero-source limit recovers the transition at 7 = 1/2. Positive pressure increases the

correlation needed to support a bridge. This two-interval result fixes the normalization for
the additional partition choices available to three components.
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5.1 Collective and nested partitions

For three components, denote the strongest pair mutual information by p = max;<; I(4; :
A;) and the total correlation by ¢t = 7°(123). Maximizing over the five partitions yields the
full envelope
G, =max{0,p — 7,t — 27}, t=> I(A;j:A)) - I, (5.5)
i<j
Here I3 = S1 + .55 + 53 — S12 — S13 — So3 + S123. A pair attaining p has mutual information
t — p with the remaining component, hence t > p. If t > 2p, the triple passes directly to
singletons at 7 = ¢/2 and is optimal below that price. It remains profitable throughout
p < 7 < t/2, where every pair merger loses. If p < t < 2p, a strongest pair is optimal
between 7 =t —p and T = p. At t = 2p, all three branch types meet. Thus ¢t > 2p
characterizes the collective regime, without requiring I3 # 0.
An explicit leading-RT example consists of three unit intervals separated by gaps 0.2:

(ul, V1, U2,v2,U3, 7)3) = (0, 1, 1.2, 2.2, 2.4, 3.4). (56)

The adjacent pairs have flg = fzg = 1.641961104, and the distant pair has flg = 0. The
union has total correlation

o~

T(123) = —2log(3.4 x 0.2%) = 3.990200786. (5.7)
At 7 = 1.8, every pair merger has negative payoff, whereas joint storage of the triple saves
Gr.s = 3.990200786 — 2(1.8) = 0.390200786 > 0. (5.8)

At this price, each adjacent-pair partition yields —0.158038896, the distant pair yields —1.8,
and singletons yield zero. These exhaust the competing partitions. The triple remains the
unique optimum until its direct transition at 7 = 1.995100393. A greedy search restricted
to profitable pair mergers therefore misses this phase.

The same optimization admits spatially nonconsecutive blocks. For example, take

(u1, v1,u2, va, us, v3) = (0,1,1.001,1.002, 1.003, 2.003). (5.9)

Joining the first and third components gives

~

T(13) = —210g(2.003 x 0.003) = 10.228993867. (5.10)

At 7 = 3, the partition {1,3} | {2} has saving 7.228993867, above the triple’s 6.426218445;
both adjacent-pair payoffs are negative and the singleton payoff is zero. The minimizing
region has an outer positive component joining A; and As around a cutoff-connected neg-
ative gap, with a separate Ao cap inside that gap. This nested configuration obeys the
same matching conditions as the other channels. Figure 2 shows the pressure-minimizing
region, and figure 3 gives the complete information envelopes for both examples.
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(a) Selected positive components (b) Resolved middle gap

0.002

0.6}
boundary—connected gap
N | N
03 middle gap 0.001}
0 Qp
A A2 A3
0 1 2
OF
X 2

1.000 1.001 1.002 1.003

Figure 2. Pressure-minimizing positive homology region for the nested example (5.9). The outer
component connects A; to Az around a cutoff-connected negative gap containing a separate positive
Ay cap. The right panel enlarges the gap. The minimum is taken over all six directed assignments
at source A = 3/v/4n2 + 9, corresponding to 7 = 3, with ¢ = 107%. Both panels use equal-aspect
coordinates and show the computed pressure arcs. Theorem 4.2 relates this finite-cutoff geometry
to the information task in the ultraviolet limit.

(a) Collective cooperation (b) Nonconsecutive grouping
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— {123} — — {L2}I{3} or {1}I{2.,3}

— - {3y {LI{2}3}

optimal saving: upper envelope

Figure 3. Complete price envelopes for the three-component examples, in units of ¢/6. Each
branch gives a fixed partition’s net saving relative to separate storage; the thick black curve is the
maximum over all five partitions. Symmetry makes the two adjacent-pair branches coincide. (a)
For the geometry (5.6), a collective interval has negative pair payoffs and a profitable triple. (b) For
the geometry (5.9), the nonconsecutive partition {1,3} | {2} is strictly optimal over a price interval.
Vertical markers locate 7 = 1.8 and 3, respectively. Leading vacuum RT entropies determine the
branches after cancellation of the common ultraviolet terms.
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5.2 Pairwise-additive and holographic correlation data

Collective saving can also arise from pairwise-additive entropy data. The ungauged mass-
less Dirac vacuum on the line provides a comparison with the holographic case when each
union is reduced to its fermionic mode algebra. Its replica prescription fixes Neveu—Schwarz
conditions on the standard basis cycles, without the spin-structure sum used in the parity-
gauged theory [25]. Disconnected spin reductions obtained through a Jordan—Wigner trans-
formation refer to different algebras and need not share these entropies [26].1 One full Dirac
field has ¢ = 1, and N independent copies give ¢ = N. Subtracting the continuum union
entropy from the sum of the single-interval entropies gives [28, 29]

_ .o C (uj—ui)(vj—vl-)
Tp(B) ; Ip(i:j),  Ip(i:j) 5 log (=)o — )’ (5.11)
1,JEB
Each block therefore gains the sum of its internal pair mutual-information weights. Includ-
ing the merger charge gives a graphical partition optimization [1].
For three equal-width intervals whose adjacent gap-to-width ratio is » > 0, these pair
weights take the form

(2+2r)?
(1+2r)(3+2r)

~ ~ (1—|—7")2 ~
= [19 = o3 =2log—— bp = I13 = 21
ap 12 23 og r(2 T r)’ D 13 og

(5.12)

Since ap > bp > 0, the normalized envelope (5.5), with p = ap and t = 2ap + bp, reduces
to
GT,D = [QCLD—I-bD—Q?]_H ?OfﬂD :aD+bD/2. (5.13)

Every pair payoff is negative on ap < 7 < ap + bp/2, while the triple remains profitable.
The saving is fully determined by the pair mutual informations, with Is = 0. Pairwise-
additive entropy data can thus support a collective optimum that a pairwise-greedy rule
misses. Neither the collective transition nor I3 = 0 is a criterion for genuine multipartite
entanglement.

Leading RT in the same equal-interval geometry supports a stronger effect: a triple
can save even when every pair mutual information vanishes. The five endpoint-channel

LAt a finite fermionic regulator, the component algebras satisfy the canonical anticommutation relations
and combine through the graded tensor product. For physical parity-superselected states and channels, the
fermionic source-coding theorem fixes the minimum block rate at S(pp) [27, Theorem I11.1]. We express its
base-two rates in nats. The entanglement-fidelity recovery criterion controls every block dilation, including
correlations with external systems [27, Propositions III.1-1I1.2]. The source is even, hence commutes with
total parity. Admissible coding maps are fermionic completely positive trace-preserving maps whose Kraus
operators have definite parity, as specified in Proposition II.1 of that source. These operators may have
either parity; they need not all be even. Extending the maps by the identity in the graded sense gives
physical parallel compositions. For a fixed finite number of blocks, let g bound the trace-norm error of
the extended recovery map on the original joint source and its purifying reference. A telescoping expansion
of the composition minus the identity, followed by trace-norm contractivity for each term, bounds the joint
error by > 08 — 0. This joint recovery justifies the block-rate optimization and its declared merger
charge for the fermionic task. The construction uses graded fermionic products throughout and makes no
identification with ordinary disjoint spin tensor factors.
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products are 1, 7(2+7), 7(2+7), r(3+2r) and (1+27)(3+2r). The last exceeds one. The
fourth is minimal for » < 1/2, and the singleton product is minimal for » > 1/2. These
channel comparisons give

prr = [—2log(r(24+ 7))y, trr = [~2log(r*(3 4+ 2))]4, IA137RT =0. (5.14)

For prr > 0, try — 2prr = 2log[(2 4+ 7)2/(3 + 2r)] > 0. The same strict inequality holds
when the pair value is zero and the triple value is positive. The full price envelope is
therefore GRT = [tgr — 27]. Throughout the strict window

1
V2-1<r< 5 0<7< —log[r%(3 + 2r)] (5.15)

all pair mutual informations vanish at leading RT order and the triple is the unique opti-
mum. Its total correlation obeys ZRT = —fg, so the saving depends on the known nonex-
tensivity of holographic mutual information [30]. The strict channel and payoff inequalities
ensure stability under sufficiently small endpoint perturbations.

At r = 0.45, the switching price is Tog rT = 0.2360388393. . ., or A, = 0.03754026783 . ..
in source units by (5.1). Relative to the same-source optimized caps, the ultraviolet pressure
bridge persists for 0 < A < A.. This contrasts pairwise-additive cooperation with a leading-
RT saving that cannot be reconstructed from the three pair values. The endpoint ratio is
shared, while the pair data differ between the theories. Exact factorization of the finite-
¢ marginals does not follow from vanishing leading-RT pair values, and the comparison
provides no entanglement witness.

Figure 4 collects the full price envelopes at r = 0.45. Both models retain a profitable
triple after every pair payoff becomes negative. Vanishing pair mutual informations occur
only in the leading-RT panel at these endpoints.
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(a) Exact Dirac, r = 0.45 (b) Leading RT, r = 045
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Figure 4. Full continuum price envelopes for three equal intervals with gap-to-width ratio r = 0.45.
(a) For the ungauged massless Dirac vacuum on the fermionic mode algebras, the total correlation
is pairwise additive and I3 = 0. The triple remains optimal on ap < 7 < ap + bp/2, where all pair
payoffs are negative. (b) Leading Einstein-AdS3 vacuum RT gives zero pair mutual informations
and a profitable triple on 0 < 7 < 0.2360388393 . ... The thin branches are the five partition payoffs,
and the thick curve is their upper envelope in units of ¢/6. Adjacent-pair branches coincide in (a),
and all three pair branches coincide in (b). Gray shading identifies the collective intervals. The
panels hold the endpoint ratio fixed and use different tariff ranges; their pair correlation data are
not matched. The comparison concerns continuum entropy models and carries no entanglement-
witness interpretation. The access price in the Dirac panel is varied independently.

5.3 Area response and cutoff corrections

As the tariff increases, the principal-partition hierarchy refines the finest optimal partition.
Monotonicity of (5.1) carries this refinement to the source-selected positive components in
the leading ultraviolet theory. Within a generic phase with a unique finest partition, infor-
mation groups that have separated remain separate as pressure increases. The optimized
value stays continuous through a transition, although its slope can change. Finite-cutoff
corrections can shift the crossing.
On a stable branch with optimal partition P, the unpriced total correlation and merger
count are
Tp = Z T(B), mp =n—|P|, G =Tp —Tmp. (5.16)
BeP
The response uses leading-RT entropies, for which the relative branch action tends to
—qTp + (ewA/3)mp. To differentiate this limit, convergence of the value must be supple-
mented by a derivative estimate. Appendix F derives a uniform first-derivative expansion
from the exact arc action on compact subcritical source intervals. For an open interval
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with a stable winning matching, the envelope theorem then yields

€ €
ll_I}I(l) % = f]\TP + cgmp. (5.17)
The reference area comes from caps optimized separately at the same pressure source.
Consider a transition at 0 < A\, < 1 between stable phases with merger counts m_
and m4 below and above the crossing. Equality of the branch actions fixes T — T} =
emde(m_ —my)/(3q.), with ¢. = /1 — A2. First taking the ultraviolet limit within each
stable phase, then approaching the transition from either side, gives

21 R?
V_ — V+ = 1_ )\2 (’I’)’Lf — ’I’)’L+). (518)

The common cutoff divergence cancels in this limiting one-sided area difference. In the
pressure representation, each lost cooperation link contributes the stated area jump. At a
multi-branch crossing, m+ denote the merger counts of the phases active immediately on
either side. The jump vanishes when those counts coincide. At zero source, the theorem
applies only to the right-sided response.

Equation (5.18) gives the nonzero-pressure extension of the Gauss—Bonnet area jump
[11], with boundary deformation encoded in 1/(1 — A?). For the two-interval geometry in
figure 1, A, = 0.2528355461 ... predicts an area jump 6.7122728059... R2. Independent
integration of the circles at the actual finite-cutoff crossing yields 6.7122703665 ... R? at
€ = 1077, consistent with the derivative calculation for this geometry. Control of the area
derivative comes from the arc-action expansion; the RT entropy-value bound and the value
error in theorem 4.2 alone are insufficient.

Expanding the exact edge action gives the first cutoff corrections:

AMv —u)

A
relu,v) = +2qlog — + 2(qlog g + Xarcsin \) — mAo
€

dode  2(1—2)\%) € 3,3
At . xz +O(€7/A%). (5.19)

The coefficients are derived in appendix F. Subtracting the optimized caps from a stable
winning matching M gives

c o 1
F§ — F§ gise + qGRT = —4)e >
A A, disc T 6 5 A, ~ v — U

+ O(ce?/6%). (5.20)

The linear coefficient is generically nonzero: reverse gap arcs and forward cap arcs con-
tribute with opposite signs, precluding its absorption into a common endpoint term. Fig-
ure 5 tests this expansion against the exact finite-cutoff minimum.

Replacing the boundary logarithms with finite-anchor geodesic entropies (C.3) changes
the quadratic edge coefficient to —2A2/q. The linear residual persists, so the information
correspondence remains inexact at a finite wall. At a leading-order phase degeneracy, the
cutoff corrections must be minimized over the tied branches; an arbitrary tied branch need
not continue to the finite-cutoff minimum.
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(a) Nonzero cutoff correction (b) Remainder after two orders
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Figure 5. Normalized finite-cutoff residual for (5.6) at A = 0.2, with unit interval width. We
denote the residual by R(e) = 6[F5 — Fy g, +¢G5"]/c. The exact pressure minimum is taken over
all six directed assignments and compared with an independent optimization of the RT partition
saving. (a) R(e)/e approaches the nonzero linear coefficient a; in (5.20). (b) Removing a;e + age?
leaves a cubic remainder; as follows from (5.19) by summing the winning edges and subtracting
the singleton caps. The dashed € line is a guide normalized at the smallest cutoff, with no fitted
coefficient. High-precision arithmetic is used at 80 cutoffs in [107°,1072]. The curves test one fixed
geometry; the all-component statement rests on the analytic derivation.

Adding a local entropy-scheme term a; to each original component shifts every partition
cost by >, a;, which cancels from G;. The geometric subtraction similarly removes the
fixed-trace area divergence and common endpoint terms. A finite term depending on
the number of interior components would alter the phase competition; the positive-area
functional used here contains no such term.

6 Thermal states and the compact annulus obstruction

Temperature changes the RT endpoint cost, while the static planar-BTZ exterior remains
locally hyperbolic. To extend the pressure representation, we must also transform its
variational domain: the cutoff becomes oblique, and the minimizing region must remain
outside the horizon.

Let zp = Br/(27), where [p is the inverse temperature. The metric of the right
planar-BTZ exterior is

ds?  da? +dz?/(1 - 22/23)
R’ 22 ’

The prescribed boundary region is a fixed finite union of separated finite intervals on the

reR, e<z<z,. (6.1)

infinite line. There is no spatial identification or winding sector. Admissible positive
regions have compact essential support, finite perimeter and the prescribed interior BV
cutoff trace. Horizon segments in the reduced boundary contribute to the free perimeter.
The same minimum is obtained by imposing zero horizon trace; appendix G proves this
equivalence by showing that the minimizing curves are confined to the exterior.
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For a single interval, the leading planar-BTZ RT entropy is

Srr.pp ([u,v]) = log 5—Tsmhw . (6.2)

Br
The entropy of a union minimizes the sum of these endpoint costs over admissible non-
crossing matchings, including disconnected channels [31, 32]. Denote by GET-A7 the saving
(1.3) obtained from these thermal entropies, with all set partitions allowed.

Theorem 6.1 (Planar thermal correspondence). Let 0 < A < 1, ¢ = V1= X2, and let the
interval endpoints and z, > 0 be fized, and suppose e = €/z, < q. In the compact-essential-
support charged-horizon BV domain of appendiz G, the pressure minimum s attained.
FEvery minimizer has exactly n disjoint calibrated free arcs, no additional cutoff contacts,
and no horizon contact. In the ultraviolet limit,

A
FS 5, (A) = FS 5, aise(A) = —qGETPT(Ay, . An) + 0<c;> ’ T C;rq ’ (6.3)
h

The implicit constant depends on the fized dimensionless endpoints xq/zn and is uniform
for X\ in compact subsets of [0,1). The disconnected baseline is the sum of separately
pressure-minimized single-interval actions in the same domain.

U =e/*nJ1—22/23, Z = ez, (6.4)

is an isometry from the exterior to U > 0 in the upper half-plane. It sends the horizon to

The map

the geodesic U = 0 and the cutoff to an oblique ray. Applying calibration and the finite-
perimeter reduction with trace on this ray gives a minimizing assignment of alternating
caps. The outermost caps are forward and lie strictly at U > 0. A reverse arc enclosed by
such a cap could reach the horizon only by crossing the cap, which a minimizing assignment
excludes. The minimizing region is therefore confined to the exterior. Its component count
fixes the same tariff as in the vacuum, giving (6.3). Temperature-independent RT-volume
topology terms were obtained in [11]; the argument here establishes the pressure-optimized
minimum on the stated domain.
For two intervals of widths ¢1, ¢2, gap g and total span T' = ¢1 + g + {5, define

__ sinh(7wfy/Br) sinh(mls/ Br)

= . 6.5
Ar sinh(wg/Br) sinh(7T/Br) (6:5)
The corresponding saving and phase condition are
A
GRTAr — ‘ [log Kg, — i , (6.6)
3 q 1y
TA
connected phase <= logKg, > —. (6.7)
q
If log K, > 0, the ultraviolet critical source is
log Kg,, (6.8)

\/7r logKﬁT)
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If this logarithm is nonpositive, no connected phase survives at positive source; equality
denotes a tie. Temperature thus enters through the conformal cross-ratio without changing
the tariff. The exact finite-cutoff action and its nonzero residual are derived in appendix G.
The theorem covers finite intervals on the infinite thermal line with charged horizon bound-
ary. Infinite intervals, compact quotients, free horizon attachments and general excited
states require separate arguments.

6.1 The compact annulus obstruction

Compact BTZ admits an annular homology sector bounded at zero source by complement
geodesics and the horizon [11, 20]. An annulus is connected and has Euler characteristic
zero. The orientation term therefore ceases to count laboratory groups, which was the step
converting area into a merger charge. We test the unchanged tariff against the indepen-
dently optimized compact pressure problem. Figure 6 displays the contrast with the planar
geometry.

Use J = 6F/c and G= 6G/c, set z; = 1, and identify x ~ z+ H with H = 10. Choose

A =1[0,49),  Ay=1[5,99, A=01, (6.9)

Each complementary gap then has length 0.1. Charging all non-cutoff boundary leaves the
essential inner loop free to move away from the horizon. Its minimum contribution is

rpn>161 H (cosh p — Asinh p) = ¢H, p« = artanh . (6.10)
The bound cosh p— Asinh p > ¢ establishes this minimum. Its location lies inside the cutoff
when e < g. The loop must therefore be optimized along with the anchored arcs; fixing it
at its zero-source position changes the variational problem.

Write dy (t) for the exact thermal directed edge action at separation ¢ and orientation
£. After subtracting the common fixed-trace term, the candidate actions are

tho - 2d+(49),
Jbridge = d+(9.9) +d_ (0.1),
Jannulus = ¢H + 2d_(0.1). (6.11)

The annulus attains the global minimum for sufficiently small cutoff. The proof in ap-
pendix H includes every integer winding sector. Current decomposition first separates the
winding contribution; d;d+ > g then reduces the infinite lift search to eight lower bounds.
The annular bound is attained because the reverse gap arcs remain separated from each
other and from the essential loop. Applying the same argument to each singleton gives its
direct disk cap as the independently minimized reference.

The resulting leading-RT mutual information and storage saving are

inh 2.45 L
S — 10 = 8.9787760550..., Gy =1-"">0. (6.12)

T =4log — =2
%% §inh 0.05 q
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(a) Planar BTZ exterior (b) Compact annular component
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Figure 6. Horizon confinement on the line and its compact-topology obstruction. (a) Pressure-
minimizing curves for A;/z, = [—1,—0.1], A2/z, = [0.1,1], A = 0.1 and €/z;, = 0.015, shown in
upper-half-plane coordinates U = e®/%» /1 — 22 /23, Z = e/ %y /zn. The positive region lies strictly
at U > 0, bounded away from the geodesic horizon U = 0; the cutoff is an oblique ray. Equal-
aspect coordinates display the exact curves, with their lengths measured in the hyperbolic metric.
(b) Topology schematic for x ~ z + 10z, and A/z, = [0,4.9] U [5,9.9]. Gaps are exaggerated
and the radial direction has no metric scale. The annulus has by = 1 and xy = 0. Its essential
inner loop minimizes the action at p, = artanh A, outside the horizon p = 0. (c¢) For A = 0.1
and €/z;, = 107%, the exact branch differences AJ = 6(F — F) qisc)/c are 0, —3.8237963, and
—7.6771407 for two disks, either symmetry-related connected disk, and the annulus. Leading-RT
ultraviolet entropies with the unchanged tariff instead give —qG, = —8.3054508. (d) The cutoff
dependence approaches AJ + qCAL — 27\, a finite mismatch e¢rA/3 in F. All free-boundary length,
including any horizon boundary, is charged. The annular minimum therefore obstructs extension
of the planar representation with the same tariff.
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The pressure and storage expressions consequently approach different limits:
limn (annutus = Jiwo) = —qI 4 47\ = —7.6771323139 . . .,
e—
—qG, = —qI + 27\ = —8.3054508446 . . . . (6.13)

The difference is 27\ in J, or erA/3 in F, and remains finite in the ultraviolet limit. Two
disks have x = 2 and the annulus has x = 0: the geometric change carries two Euler units,
while the storage task charges one merger. Common endpoint and fixed-trace counterterms
cancel from the comparison and cannot remove the discrepancy. Both sides already use
their global optima and independently minimized singleton reference. For this leading-
RT ultraviolet example, the unchanged storage formula overestimates the relative saving
and hence underestimates the pressure-minimized action. The storage optimum remains
valid for its specified resources; disk topology is the assumption that fails in its compact

geometric representation.

7 Discussion

For fixed component algebras at a finite factorizing regulator, the net saving from inde-
pendently recoverable block memories and recurring joint access is the entropy-partition
optimum G.. Its geometric representation is the main result of this paper. In the leading-
RT vacuum and noncompact thermal models, GTRT equals the difference between the sep-
arately optimized cap action and the global pressure minimum, divided by ¢, in the ultra-
violet limit. Entropy-preserving refinement identifies the competing positive components;
calibration and current decomposition establish the minimum over the specified compact-
essential-support domains. Replacing GR' by the actual-state saving requires the separate
error control in (4.18).

Three components already distinguish this optimization from pairwise merging. The
ungauged free Dirac field supports collective cooperation with pairwise-additive entropy
data. In the leading-RT window (5.15), the triple has positive saving even though all
pair mutual informations vanish; those three pair values cannot determine the saving.
A nonconsecutive block can also be uniquely optimal. Both possibilities require the full
partition domain. Since classical and quantum correlations both contribute, G, is not an
entanglement witness.

The result depends on which laboratories and resources are charged. Under ideal
internal control, an all-pairs rental network realizes the linear merger count. Weighted
graphs and state-dependent communication costs define different optimizations. Even the
choice of laboratories changes the answer: a Bell pair within one laboratory has G, =
0, whereas separately charging its two halves gives (2log2 — 7). The source-to-price
dictionary represents the specified access model; it neither fixes a unique microscopic price
nor identifies memory-equivalent rental with physical work. Compression-map complexity
[11] and constrained-merging entanglement cost [13] likewise charge resources distinct from
the memory rate and recurring access used here.

The annular counterexample isolates the topological requirement. Nested positive
caps retain disk topology; an annulus separates Euler characteristic from the number of
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laboratory groups. Its finite ultraviolet mismatch persists after independently minimizing
the singleton reference. Replacing vacuum endpoint distances by thermal ones therefore
cannot extend the representation to compact BTZ. Adding a topology-dependent charge
would change the storage task and require a new operational definition.

The supplementary note treats complementary spectra, interval-entropy composition,
supplied conformal probes, density-matrix geometry and replica channel weights. FEach uses
different inputs and composition rules. Its finite-cutoff supplied-probe identity assumes
prepared probes and a tracked phase reference, and does not establish the actual-state
storage result. Here coding is performed first at fixed finite factorizing regulator and
theory. Continuum relative-entropy control and the leading-RT approximation are separate
requirements.

Further questions. Finite-c control is needed before the geometric response can be
compared with the actual storage task near a phase boundary. Equation (4.18) bounds
errors in G, from uniform block-entropy errors, but controls neither source derivatives
nor changes of optimizer. An order-one mutual information in a leading-RT disconnected
two-interval phase, for example, keeps the actual saving positive until 7 reaches that value.
With 7 = erA/3 + O(e)?), this produces a A = O(1/c) boundary layer. Its crossover must
be determined from CFT entropies before extracting an area response. The large-c limit
must precede identification of the zero-source classical response; away from that limit, a
phase gap or suitable one-sided derivative control is required.

Local access constraints pose a different question. With finite link capacity, distance-
dependent rental or state-dependent communication costs, which savings are achievable,
and what converse fixes their optimum? The weighted-graph construction in appendix B
specifies one starting point. A geometric comparison would then have to represent this
independently fixed task, with its own access rule and price.

For compact space, one can instead ask whether another independently defined in-
formation task admits a pressure representation. Joint prediction relative to a specified
same-theory thermal reference on a connected laboratory hull is one candidate. It needs
full-hull access and a regional reference prescription beyond the disconnected state. A
model-regret penalty would have to follow from the allowed predictors, actions and prices
and yield its own operational optimum. Choosing that penalty to cancel the annular mis-
match would leave the central question unanswered. Any compact correspondence for this
prediction task would be a separate result.

The geometric domain also leaves concrete open problems. A no-escape or truncation
theorem would be needed to replace compact essential support by arbitrary finite-action
exact-trace competitors. Uniform control as gaps close, the number of components grows,
or A approaches one is likewise open: the present estimates fix finite n and separated
endpoints, restrict A to a compact subcritical interval, and require e < ¢q thermally. Pressure
minimization selects the exposed perimeter—area tradeoff; it does not recover every fixed-
area branch or stationary saddle. Lorentzian, higher-dimensional and end-of-the-world-
brane extensions each require a specified variational principle and a separate comparison
with the information task.
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A Coding and entropy-partition properties

The storage cost in (1.2) follows from independently recoverable compression of the block
marginals. We derive this rate and its consequences for general finite-dimensional states.
At a finite regulator, C; includes the stored memory and the access charge. The reference
cost is the optimal storage rate with cooperation forbidden.

Fix a finite-dimensional factorizing regulator and a theory, and hold both fixed through-
out the coding limit. The subsystem Hilbert spaces are

n
HA:®7‘[AZ., Ai:[ui,vi], U < v << Up < VUp. (Al)

i=1
The atoms are the maximal connected components of the prescribed region. For B C
[n], set Ap = Ujep Ai and pp = Trg\a, pa. We use natural logarithms and measure
information rates in nats. The state may have arbitrary correlations between components.
For a partition P, assign an encoder and a decoder to each block. After m independent
source repetitions, the encoder for B compresses p%m into a quantum memory Mp ,,,. The
decoder has access only to that memory. Its entanglement fidelity must tend to one, so
recovery preserves correlations with a purifying reference as well as the marginal state.
Decoder side information, auxiliary shared entanglement, uncounted classical memory and

cross-block decoding are excluded.

The optimal memory rate for these independently recoverable blocks is

. 1 : B
Q(P) = 1nf1171;15;10pa Z log dim Mp ,, = Z S(pB). (A.2)
BeP BeP

Schumacher compression attains the entropy rate for each marginal [6, 33]. To recover
the full source, apply the block recovery channels to a purification of that source. A
telescoping expansion and trace-distance contractivity bound the resulting error by the
sum of the local recovery errors. The number of blocks is fixed, so this sum tends to
zero with the local entanglement-fidelity errors. The product recovery therefore preserves
interblock correlations as well as local states.

For the converse, let Rp purify the block source. Recovery with asymptotically unit
entanglement fidelity requires

2mS(pB) — Oreg,c(m) < I(Rp : Mp ) < 2logdim Mp p,. (A.3)
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Data processing and entropy continuity give the first inequality at the fixed finite factor-
izing regulator and fixed theory, including fixed ¢. The second follows from the memory
dimension. Thus 0yeg,c(m)/m — 0 as m — oo with these data held fixed. Here reg labels
the coding regulator; € is the radial cutoff in the geometric entropy convention. To exchange
the coding limit with ultraviolet regulator removal or a large-c limit, one would need uni-
form dimension control or an energy-constrained continuity bound, together with control of
the recovery-error scaling. We make no such exchange. The continuum limit of G, instead
uses finite limits of the finitely many block relative entropies. Evaluation with leading
RT entropies additionally uses the stated semiclassical assumptions and the entropy-value
estimate (4.18). Summing the memory bounds over blocks proves the converse to (A.2), in
agreement with the general noiseless-coding converse [7]. The fidelity condition refers to
the specified source and its purification; it imposes no worst-case recovery requirement on
every state in the full Hilbert space.

Joint operation of a block with | B| constituents incurs the charge m7(|B|—1), extensive
in the number of source uses. The factor |B| — 1 counts the links of a minimal abstract
cooperation tree. This count by itself specifies neither a physical communication protocol
nor its cost. A fixed one-time setup fee would vanish in the rate limit and define a different
storage problem. The cost (1.2) follows by adding this extensive charge to (A.2).

Subtracting separate storage expresses the saving in terms of the block total correlation:

T(B) = D(pB

®Pi> =Y S(pi) — S(pp)- (A.4)

i€B i€B

To obtain the entropy expression, expand the logarithm of the product into the sum of the
factor logarithms and evaluate each term in its marginal. For an arbitrary product state
&;cp 0i, the same calculation gives

D(PB ®U¢> =T(B) + Y D(pil|oi).

i€B i€B
With the usual support convention, positivity of the marginal relative entropies makes the

product of the actual marginals the unique minimizing product state [21]. No auxiliary
reference state enters. The optimal saving is therefore

G, = max [T(B)—T7(|B|—1)]. (A.5)
Prinl pep
Each partition retains the total correlations within its blocks and pays for the access needed
to use them. Classical correlations contribute to this saving, which consequently does not
define an entanglement measure.
The relative-entropy form gives two properties of the saving. At fixed 7 > 0, it is
monotone under product local quantum channels:

Gr <(® Az’)(ﬂA)> < Gr(pa)- (A.6)
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On each block, the channel maps the product of the input marginals to the product of
the output marginals. Data processing can therefore only decrease each payoff in (A.5),
and the same holds for their maximum. For two independent groups of atoms in a state
pu R pv, the saving is additive:

Gr(pu ® pv) = Gr(pu) + Gr (pv). (A7)

If a block meets both groups, its total correlation is the sum of the contributions from U
and V. Splitting the block between the groups preserves this entropy saving and removes
a charge 7. Thus an optimal partition can be chosen with every block contained in one
group, and the two maximizations separate. Both properties use the stated channels and
independent states without additional shared resources.

Subadditivity and comparison with the singleton and one-block partitions give the

®Pi> . (A.8)

bounds

S(pa) < Cr <> S(pi), OSGTSD<ﬂA

For two components the two possible partitions give
C, = min{Sl + 5o, S12 + T}, G, = (I(Al : Ag) — T)+. (Ag)

Joint encoding is strictly preferred precisely when the mutual-information saving exceeds
the access charge. With more components, block total correlations enter the optimization,
and pairwise tests alone need not determine the optimum.

For a fixed state, the finitely many partition costs are affine functions whose minimum
is C; and whose slopes are n — [P|. Their lower envelope is continuous, nondecreasing
and concave; the saving G, is nonincreasing and convex. At zero charge, Cy = S(pa),
whereas the singleton partition minimizes the cost at sufficiently large charge. Wherever
the optimal partition is unique over an interval,

ac,

dG-
dr _n_|7)0pt|7 = -

dr

(TL - |P0pt|)- (A.l())

At a transition, the slopes of the minimizing partitions give the one-sided derivatives.
Removing the common term n7 puts the cost in the form

D, :=C,;—nr = min S — 7). A1l
smin 3 (5(0m) ~ 7 (A1)

For Shannon entropy, this expression is the residual-entropy Dilworth truncation of [1]. Its
principal partitions arise from submodular optimization [2-4]. Quantum strong subadditiv-
ity [5] makes B — S(pp) submodular, so the same partition construction yields a refinement
hierarchy. Setting the empty-set value to zero makes S(B) — 7 intersecting-submodular,
which suffices without full submodularity of the shifted function. The finest minimizing
partitions refine as 7 increases. This mathematical construction does not transfer classi-
cal secret-key or communication-for-omniscience interpretations to quantum states: those
interpretations require their own source models.
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Equation (A.5) depends on the state together with its specified component algebras.
Product unitaries preserve the saving, while a unitary that mixes components can change
the block marginals. The comparison with geometry must retain this distinction. For sep-
arated regions in a continuum theory, one can use a common split or factorizing regulator.
If all the finitely many block relative entropies have finite limits, G also has a finite limit:
the ultraviolet entropy terms cancel within each block payoff, and the maximum is over a
finite set. Neither the individual memory rates nor C- need remain finite.

B Access networks and harmless refinement

We now specify an access resource that gives the charge in G,. At a finite factorizing
regulator, a graph records the free coherent-control links between cells. Contract each
connected free-control domain to a laboratory. When local control within A is free, time
and gate depth are uncharged, and the complement provides no free relay, the laboratories
are the maximal connected intervals A;. Only the final stored memory is charged within a
laboratory; coherent control across a gap requires rented access. The source is the actual
reduced field state, repeated independently m times. A cell refinement that preserves the
free-control domains leaves these laboratories unchanged. Charging the subdivisions as
independent laboratories would define a different task.

Allow any pair of laboratories to rent an ideal bidirectional quantum link. Fix the
active graph H for a coding batch. Each active link costs m7 in natural-log memory units,
regardless of traffic, separation or processing time. A connected component of the graph
permits arbitrary joint encoding and decoding. Distinct components have no cooperation,
shared auxiliary resources, decoder side information or joint decoding. Connectivity pro-
vides the required joint access: finite-dimensional systems can be routed along a tree to
one laboratory, processed jointly and returned. Capacity, gate depth, energy and latency
are unconstrained, and the rental covers both encoding and recovery.

For a fixed H, Schumacher compression with independently recoverable block memories
gives

1
inf lim sup — Z logdim Mp ,, + m7|E(H)|| = Z S(pp)+T|E(H)|. (B.1)
oo BEP(H) BEP(H)

The fidelity condition and memory converse are those of (A.2). The noiseless coding
theorem fixes the entropy term; the link charge is an independent resource assumption
[6, 7, 33]. A connected graph with k vertices needs at least k — 1 edges, with equality for a
spanning tree. Removing cycles preserves joint access. Hence, for 7 > 0 and a prescribed
partition,

min _|E(H)| = (|IB|—1)=n—|P|. (B.2)

H:P(H)=P BEG;J

All pairwise links are available, so every partition can be realized. Minimizing (B.1) over the
active graph gives C; its difference from separate storage is G,. Connectivity determines
the dependence on block cardinality, while the homogeneous price and its extensivity are
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assumptions of the access model. The charged resource is the number of independent
connections. It does not count communicated qubits or give a universal energy or work
cost for joining field regions.

Changing the allowed links or their prices changes the optimum. If the available
graph is I and its dimensionless edge weights w, are nonnegative, the same spanning-tree
argument gives

C; = i S + 7 MST(I'|B])], B.3
P = gl oy 3 [S(0m) + 7 MST(TIB)] (B.3)

for every BEP
The minimum spanning-tree weight is zero for a singleton. To see the effect of the access
graph, consider

pi23 = +(]000)(000] 4 101)(101])

at 7 = 0.4 nats. Laboratories 1 and 3 share a uniform bit, while laboratory 2 is pure. With
uniform complete-graph access, the optimum is {1,3} | {2} at cost log2 + 0.4 < 2log 2.
The triple costs log2 4+ 0.8 > 2log 2, and either adjacent-pair partition costs 2log2 + 0.4.
A nearest-neighbor path excludes the nonconsecutive block and makes singletons optimal.
Complete-graph metric weights wio = wog = 1, w1z = 2 also favor singletons, since either
the correlated pair or the triple costs log2 4 0.8. A free relay through laboratory 2, or
a charge for one virtual link independent of its physical route, would alter the resource.
Thus uniform all-pairs access is a substantive idealization for spatial field regions.

A one-time installation fee has a different asymptotic effect. A fixed cost k|E(H)]
contributes x| E(H)|/m to the rate and vanishes in the coding limit. If the available network
is connected, the resulting optimum is C' = S(pa), with saving G = >, S(p;) — S(pa).
A nonzero asymptotic tariff therefore requires an order-m operating or access cost, or a
separately priced maintained network resource whose charge is not amortized as a one-time
fee.

Communication tasks count other resources. Under free classical communication,
quantum state merging has net entanglement cost S(A|B) = S(AB) — S(B), which may
be negative [22]. Fully quantum Slepian-Wolf transfer has quantum communication rate
I(A : R)/2, where R is a purifying reference, and produces the associated entanglement
output [23]. Distributed encoding with a common decoder has its own nontrivial rate
regions [23, 34]. These results do not determine the state-independent access price 7.
The classical residual-entropy Dilworth truncation already has the entropy-partition form:
Cr —nr is the minimum of >~ g[H (B) — 7] [1, arXiv v3, egs. (3.10)—(3.13)]. This antecedent
establishes the partition structure; the present access operations and their prices must be
specified separately.

The storage task takes 7 as an independent input. Its geometric representation follows
by matching the ultraviolet action, whose entropy and component coefficients are ¢ and
—cmtA/3, to q[>-p S(pp) — 7|P|]. The coefficients agree when

qg=V1-M\2 qT = @ (B.4)

3
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This dictionary applies in the leading-RT ultraviolet regime and allows a geometric evalu-
ation of the independently priced storage task. It neither derives a microscopic link price
nor singles out this access model.

Proposition B.1 (Free-control domains and harmless refinement). Let V' be the cells of
a finite factorizing regulator and let T'o = (V, Ey) specify free bidirectional coherent access.
Assume that arbitrary local operations, local ancillary systems, and operations of arbitrary
finite depth along Eqy are available, with processing time uncharged. Let Vi,...,V, be the
connected components of I'y. The operational atoms are

Hi = X) Ho
veV;
Charging additional access links between these quotient atoms gives 7(n — |P|) for a pre-
scribed partition when all quotient pairs are available at the same nonnegative per-use price
T.

Suppose a finer cell graph has connected fibers over each original cell, represents every
original free edge by a free path, and introduces no free path between previously different
components. Its free-control components correspond bijectively to the V;; thus the tariff-
bearing atoms are unchanged. If, in addition, its state and atom algebras are identified
with the original ones by local isometries and local pure ancillas, then C; and G are
unchanged. Independent mixzed ancillas local to each atom also leave G unchanged.

Proof. Choose a spanning tree in each connected component. Coherent registers can be
moved along this tree to one vertex, processed jointly and returned, since time, temporary
workspace, traffic and finite circuit depth are unrestricted. Local ancillas and partial traces
realize the corresponding channels. Conversely, distinct components have no free edge
between them, so the allowed free operations cannot provide coherent access across their
cut. The connected components are thus the maximal domains of free joint control. Each
added edge reduces the component count by at most one. Joining k£ domains consequently
requires at least k — 1 links, and a tree achieves this number. Summing the minimum link
counts over the target blocks gives the tariff.

In the finer graph, the connected fibers and the free paths representing original edges
connect every refined cell over each V;. Since no new free path joins different V;, these are
exactly the new components, proving the bijection. Local isometries preserve the nonzero
spectra of all block marginals, and pure local ancillas add no entropy. Both optimized
values are therefore unchanged. If the added local factors o; are independent mixed states,
a block entropy gains ;.5 S(0;). Every partition then gains the same amount }_; S(03),
which also appears in separate storage and cancels from G. ]

For a regulated one-dimensional region A with nearest-neighbor control and no relay
through the complement, the graph components are the maximal connected intervals of
A. This identification uses the assumption of free local control; it cannot be inferred from
spatial topology alone. Propagation-time constraints, gate costs, restricted controls or
access through the complement can alter either the free-control domains or the resource
needed to join them.
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The proposition holds at a finite regulator. A genuine ultraviolet refinement introduces
physical degrees of freedom and need not relate the block states by local isometries. Exact
invariance of C; or G, therefore need not follow, although the graph hypotheses still
preserve the component labels. For fixed finitely many separated components, a finite
continuum limit of G; requires the block relative-entropy limits of section 2. This limit
neither constructs finite-time continuum control nor resolves continuum factorization.

Arbitrarily subdividing a laboratory into independently charged atoms does not pre-
serve the positive-price saving. A pure Bell pair within one atom has G, = 0; assigning
its halves to two separately charged atoms gives G; = (2log2 — 7)4. Such a subdivision
violates the state- and algebra-preserving refinement hypotheses of the proposition.

C Entropy-preserving refinement

The reduction rests on component additivity of minimum cuts [10, section 2.4, Lemmas 3
4]. Here we prove it for continuous planar geodesics, allowing a block’s entropy-minimizing
region to be disconnected. We use the RT entropy (3.1) and the shifted cost D, = C; —nr1
in (A.11); the partition-independent term nr is thus removed throughout.

For a block B = {i; < --- < i} }, the connected homology channel consists of the outer
arc (u;,,v;,) and the gap arcs (v;,,u;,,, ). Their logarithmic cost is

. J— . k_l . J— .
K(B) zg logW—i—Zlogw . (C.1)

r=1

The marginal entropy satisfies Sgr(Ap) < K(B), with strict inequality whenever a discon-
nected channel is cheaper. The two channels can also tie at a transition. Replacing every
field block by (C.1) would therefore fail to preserve the entropy minimum. The passage to
bulk connected components must allow the block itself to split.

For a matching M of the 2n endpoints, write Lgr (M) for the logarithmic sum in (3.1)
with the factor ¢/6 omitted, and x (M) for the number of positive homology components.
A geodesic minimum has no compact interior holes, so this count equals its Euler charac-
teristic. Nesting remains possible: a negative gap that reaches the cutoff may contain a
separate positive cap.

Theorem C.1 (RT partition reduction). For every T > 0 and every fized finite set of
distinct interval endpoints,

c
D.[Sgrr] = min —Lrr(M) — mx(M)] . C.2
Ak = | min | ELre(M) — 7x(M) (€2)
The field minimum over all set partitions has a noncrossing minimizing representative after
entropy-preserving component refinement. Equality is a statement about values; optimal
partitions need not be unique.

Proof. Begin with finite anchors and replace the logarithmic edge costs by the geodesic

lengths

lc(a,b) = 2arsinh M. (C.3)

€
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First consider entropy-minimizing regions for disjoint label blocks. If two such regions F
and F have crossing free geodesics, replace them by E'\ F and F'\ E. Their disjoint cutoff
traces are preserved. Cutting and reassembling the free boundaries preserves the total
length but produces corners at the crossings. Rounding these corners strictly reduces that
length, contradicting minimality of both original regions for their prescribed traces.

An interior tangency is also excluded. Hyperbolic geodesics with the same tangent
at a point coincide, and a complete geodesic meets the horocycle in at most two points.
Coincident segments would therefore share anchors, which disjoint label blocks cannot do.
The regions have no compact free loops and have distinct cutoff traces; planar separation
then rules out overlapping interiors without a boundary crossing. Their interiors are thus
disjoint. The argument applies to any choice among tied RT minima and requires no
channel uniqueness.

For an arbitrary field partition P, choose a minimizing region for each block. These
regions have disjoint interiors, so their union has trace A and free length equal to the
sum of the block minima. Decompose the union into positive connected components. Each
component minimizes the perimeter for its own cutoff trace: if a shorter competitor existed,
its union with the other components of the original block would retain the block trace,
while perimeter subadditivity would give a perimeter strictly below the block minimum. It
follows that Sgeo(Ap) is the sum of the component entropies. This decomposition refines
the partition while preserving the entropy sum and gives y > |P|. For 7 > 0, it therefore
obeys

“Lioo(M) = TX(M) < Y Syeo(Ap) — 7IP| (C.4)
BeP
Thus every field partition yields a geometric matching with no greater cost. Minimizing
over the two domains gives the first inequality between their optimal values.

For the reverse inequality, take any noncrossing matching. Its y (M) positive com-
ponents define a partition Pj; of the interval labels. Each component boundary is an
admissible entropy surface for its block, so minimizing the block entropies can only lower
the sum of their lengths:

C
DT[Sgeo] < Z Sgeo(AB) - 7_|73M| < ngeo(M) - TX(M)- (05)
BePus

Minimizing over M gives the opposite inequality and proves equality at finite anchors.
To pass to the logarithmic RT model, use the expansion of (C.3), 2log(|zy — z4|/€) +
O(€2/4?). For fixed distinct endpoints, this error is uniform over all edges. The partition
and matching sets are finite, and each candidate uses n edges, so the error is also uniform
under minimization. After subtracting the common logarithmic divergence, the limit e — 0
gives (C.2). O

The construction obtains the noncrossing representative by refining blocks whose min-
imizing regions are disconnected. It does not require a connected wedge for each original
block. A nontrivial entropy-preserving split strictly decreases the cost when 7 > 0 and can
tie when 7 = 0. The tariff sign determines whether such refinement is favorable.
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Noncrossing partitions can contain nonconsecutive labels. For example, {1,3} | {2}
joins the first and third intervals while placing a separate cap on the second. That cap
lies in a negative gap of the larger region which is connected to the cutoff. Restricting the
optimization to consecutive blocks would exclude this configuration, even though it is the
strict optimum for the geometry in section 5.

A negative tariff can reverse (C.4). Consider A; = [0,1] and Ay = [10,11] in the
logarithmic RT model, with entropies and tariffs measured in units of ¢/6. Subtracting the
common singleton entropy makes both the one-block and two-block entropy costs vanish.
At 7 = 67/c = —1, the field minimum D, is 1, whereas the geometric minimum of Ly —Tx
is 2, since the geometry counts the two disconnected components. The mismatch survives
the ultraviolet limit. Thus analytic continuation of an individual pressure arc to negative
source does not extend the information correspondence beyond nonnegative source.

D Global arc minimum and its evaluation

Constant-geodesic-curvature arcs solve the hyperbolic magnetic or isoholonomic problem
[17]; the Randers geodesic and global-minimizer results of [18] concern the distinct constant-
flag-curvature navigation setting. For the present cutoff problem, we derive the directed
action and its all-path bound directly, including reverse overhangs. Reflection puts an edge
in left-to-right form from (m —d, €) to (m+d, €) with kK = oA. Translate m to zero and set
q = V1 — k2. For a graph, the action and its translation first integral are

\/1+z’2—nd 1< 1
V14 22

- /i) = constant. (D.1)
z z
On the forward graph segment |0| < 7/2 of x = rsinf, z = r(cosf — k), the first integral
equals 1/r, so the circle is stationary. Global minimality, including reverse overhangs
beyond a single graph, requires the calibration below.

The endpoint condition yields

Ve 4 q2d? + ke d kd
= . ,

0y = arctan — — arcsin

q € Va2 +

(D.2)

=Ty

and the entire arc is
T =rsind, z =r(cos — k), —0y <6 < 6. (D.3)

The angle is on the continuous real branch with 0 < 6y < 7 and cosfy = K + €/r, giving
z > € in the interior. For A > 0, a reverse edge has k = —A and overhangs precisely when
0y > /2, or equivalently A\d > e. Formula (D.3) covers both sides of this threshold.

To construct the global calibration, set ag = gr and define on the whole upper half-

plane
2., .2 _ 2 2, .2
R i e 1 T+ ag)” + 2
parsith = g8 e
w:arctanx+a0 + arctan ——20. (D.4)
z z
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The denominators are positive for z > 0, and the sum of arctangents is a smooth real
function. For the pullback, write

Di=(z+ay)?+2% Q=D,D_, U=ai+2*-2% V=2 (D.5)

Since Q = U? + V2, differentiation gives

2a0

dt = 0 —(Udz —Vdz),
22(2% + 22 + ad) 2z(x? + 2% — ad)
dy = dz — dz,
v Q Q
Vde+Udz VQ
p o =g (D.6)
The dz coefficient of di) — sinh pdt vanishes, while its dx coefficient is
222(x2 + 22 +ad) — (22 + 22 - add)U _ 1 (D7)

z2Q z

The orthogonal numerators V dz + U dz and Udx — V dz, with U2 + V2 = Q, give the
metric identity. Thus

o? = dp? + cosh? pdt?, B = dip — sinh pdt. (D.8)
The pointwise identity
cosh? p — (¢ — ksinh p)? = (gsinh p + k)2 (D.9)

implies @ > (¢ — ksinh p)dt¢ for either sign of dt. Substitution into (D.8) gives (4.11).
Equality on a nonzero tangent requires dp = 0, ¢sinh p + x = 0, and d¢ > 0. The equality
locus is the circle (D.3); its cutoff-to-cutoff segment lies in the constrained domain. The full-
half-plane bound is therefore sharp for z > €, and the equality conditions give uniqueness
up to increasing parametrization and pauses.

The action can now be evaluated along this arc. Its length is

4
L= / = —artanh
6o COS 0 -k q

The artanh argument is below one because the endpoints have positive z. Denote it by y.

t
1—r M7

(D.10)

1+ &k 00]

The endpoint identity

2y _ g sin 6y _ qd (D.11)
1—9y2 cosbp—kK € )
gives
2 d b 6do
L = — arsinh q—, / B = / ST 200+ kL. (D.12)
q € c g, cosf — kK

Hence [(a — kB) = ¢*L — 2kfp. Substituting (D.2) gives (4.7); restoring the signed cutoff
width gives (4.8). The endpoint data fix the inverse-trigonometric branches, including for
reverse overhangs. The result retains the source deformation in both the optimizing arc
and its action.
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E Exact trace and cutoff-contact elimination

The assignment construction supplies a regular admissible region and hence an upper
bound. Its relation to boundary transport follows the planar least-gradient/Beckmann
structure [14, 15]. For the present nonreversible cost and exact binary trace, we prove
lemma 4.1 by deriving the reverse inequality on the full admissible class, including rough
boundaries and additional wall contacts. The path estimate is the calibration of ap-
pendix D.

Proof. Extend 1g by zero below the cutoff and denote its integration two-current by [E],
with orientation dz Adz. Let A_, be the sum of cutoff interval currents directed from u; to
v;. The BV trace and Gauss—Green formulas [35, Chapter 3] give, for the prescribed trace,

Tp:= A, - 9[E],  |Te[(Te) =0,
0Tp = 2(5(%6) — O(u6))- (E.1)
i=1

Here Ty is an integral one-current and ||Tg|| is its Euclidean mass measure. The wall part
of J[E] equals A_,, leaving T as the reversed free boundary with zero wall mass. With
weighted mass My (T) = [ z~1d||T||, Stokes’ formula yields

MH(TE) = PH(E; He), AreaH(E) = g — TE(ﬁ) (E2)

The compact-essential-support condition defining A.(A) makes each competitor’s integra-
tion current [E], its boundary 9[E] and Tg compactly supported, independently of null-set
representatives. Since z > € on the support, the weighted integrals are finite. Stokes’ for-
mula applies with a smooth test cutoff equal to one there; no exhaustion of an unbounded
competitor or boundary-at-infinity term enters the argument.

Application of the current decomposition. Apply the decomposition in the complete
ambient Euclidean plane. Compact essential support and finite weighted perimeter imply
finite Euclidean perimeter, since z is bounded above on the support and bounded below by
€. The zero-extension trace formula then makes [E] an integral two-current of finite mass
with integral boundary. Subtracting its boundary from the finite interval current gives an
integral one-current T with finite normal mass N(Tg) = M(Tg) + M(0Tg) and boundary
mass 2n by (E.1).

Theorem 5.3 of [19], valid for integral one-currents in complete metric spaces, decom-
poses T into a countable sum of currents of injective Lipschitz curves or injective Lipschitz
loops, with equality of normal masses. Proposition 2.4 of the same source gives equality of
the mass measures of both the currents and their boundaries. Thus || Tg| = >, || 7}]| and
0Tl = >, [|0T;||. Every summand is supported in spt T C H: a point of a nonconstant
curve outside this support would contribute positive mass to a ball of zero total mass.

An injective nonclosed curve has boundary deng — dstart and boundary mass two. The
total boundary consists of the 2n distinct prescribed unit atoms, so measure additivity
excludes endpoints elsewhere and multiple curve endpoints at an anchor. Current additivity
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fixes the signs: the negative atoms u; are starts and the positive atoms v; are ends. There
are therefore exactly n open curves Cj, defining a permutation 7. Pairing two starts or
two ends, or cancelling endpoints at an intermediate point, is excluded. The remaining
summands Zj, are loops.

Integrating the bounded nonnegative weight 2~ against the mass-measure equality
gives My (Tg) = >; Mpy(T;). To evaluate the one-form, insert a smooth compact test
cutoff equal to one near spt Tg into 8 = z~'dz. Current additivity gives Tg(3) = >, Ti(B),
with absolute convergence following from |Tj(5)| < Mp(T}). These consequences for the
compactly supported current make no statement about ideal-boundary behavior. The
decomposition therefore yields

AW &
Py(E;He) + X Areay(F) = 6+iz:1/0i(oz—/\,6)+§k:/2k(oz—/\6)

W "
Z c + de\(uﬁvﬂ(i)) + (1 =) ZKH(Z/C)
=1 k

> )\7W + min i dg\ (UZ‘, Uﬂ.(i)). (E3)

€ Tia
Every decomposed curve lies in H,, with intermediate cutoff contacts allowed. The first
inequality uses the all-path calibration for open curves and [5| < « for loops; all series
converge absolutely. The bound thus applies to rough exact-trace competitors without a
trace-preserving smooth approximation or an assumed regularity theorem for minimizers.

The explicit assignment competitor attains (E.3). Conversely, for any minimizer, equal-
ity excludes every nonzero closed curve since 1 —X > 0. Each of the n open curves saturates
its endpoint calibration and is therefore the unique circular arc of (D.3), up to increasing
parametrization and pauses. The assignment also minimizes the assignment action, so the
preceding uncrossing argument makes its arcs disjoint.

The geometric free boundary of a BV region is spt Tx; unlike the topological boundary,
it is independent of null-set modifications. On a calibrated arc, 0 < 6y < 7 and cosf >
cosfy for —0y < 0 < 6y, hence z > € throughout its interior. At either endpoint the
absolute vertical component of its Euclidean unit tangent is sin §y = d/r, > 0. Therefore

spt T NTc = 0A, (E4)

with transverse endpoint contact, including at A = 0 and for reverse arcs with overhangs.
The alternating-cap region and F have the same boundary current. Their compactly sup-
ported characteristic functions therefore have identical distributional gradients and agree
almost everywhere. The regular closed representative is the closure of its open interior,
without hanging one-dimensional pieces or zero-width cracks. This classifies all minimizers
and their contacts. A region with a genuine additional contact cannot minimize by (E.4);
replacement by an assignment minimizer preserves (4.1) and strictly lowers the action. [J

Cutoff intervals in A belong to the fixed wall boundary. Appending a wall segment
adds only a null decoration and cannot connect geometric components. Genuine accumula-
tion of free boundary on a complementary gap is admissible for competitors and excluded
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for minimizers by (E.4). Because the conclusion concerns free-perimeter support, it also ex-
cludes genuine tangential or accumulating contacts carrying no separate point-mass length.
Tied assignments may give several regular minimizers, all with the same contact property.
The replacement is global and trace-preserving; the argument does not supply a local
corner-rounding surgery at every contact.

F  Uniform ultraviolet expansion

Uniformity over the finite endpoint set is needed before taking the ultraviolet limit of the
minimum. Set z = €/A and restrict A to a compact subinterval of [0,1). The functions
entering the exact edge action (4.8) have the expansions

2
arsinh % = log% + 2—2 + O(z%),

2\
arcsin ————— = arcsin A — — 22 + O(z%),
V14422 q (=)
1 T 8 3 5
tan — = — — 2 - (0] . F.1
arctan o— = o x+3x+ () (F.1)

Inserting the coefficients of (4.8) gives (5.19). The quadratic contributions from H) sum
to 2(1 — 2A2)22/q, while the orientation-dependent linear term comes entirely from the
arctangent. On a fixed compact subcritical source interval, the Taylor remainder bounds
are uniform over the finitely many endpoint assignments.

For the minimum, if J§, = J(\g)’g + 75, and |r§,| < Ke/o for every assignment M, then

. T (0),e <
mA}nJM mj\}nJM < Ke/o. (F.2)

The constant absorbs fixed n. This gives uniform control of the minimum value, including
at ties between leading assignments. A strict leading gap fixes the winning assignment for
sufficiently small cutoff, allowing the higher-order expansion term by term. At a degeneracy,
the correction must itself be minimized over the tied set.

The area response requires a separate derivative estimate. The two chain-rule terms
in H) cancel, leaving the exact identity

2A d Ad d A
O frelu,v) = — v arsinh q? + 2 arcsin W + 20 <6 — arctan 6) , d= 5
(F.3)
Applying the same elementary expansions to this identity gives
— 2 A 4
Mrelu,v) = vzu A log 92 4 9 arcsin A — 7o + % + O(€2/A?). (F.4)
q €

The remainder is uniform over the finite edge set and a compact subinterval of [0,1). This
establishes C'! control on each fixed branch independently of the value estimate (F.2).

An optimal matching with a strict leading gap on an open source interval remains
optimal on every compact subinterval for sufficiently small cutoff. For this regular pressure
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minimum, differentiating the optimized action gives 0\F¢ = V</(4GR). Subtract the sep-
arately optimized singleton caps in (F.4) and use (4.14). The stable refined field partition
is then identified by theorem 3.1, yielding (5.17).

At a tramsition, first apply the argument in the two adjacent stable phases and then
take the one-sided limits. The common baseline is smooth and cancels. Equality of the
limiting actions gives the tie relation preceding (5.18), and hence the jump formula in
the stated order of limits. These estimates give no derivative control for a subleading
actual-state entropy error, a closing phase gap, or the joint limit A — 1 and ¢ — 0.

The exact finite-anchor geodesic length instead expands as

A A €2
2arsinh — = 2log — + 2 1/AY). F.
arsinh 5= 0g — + A2 + O(e*/A%) (F.5)
Subtracting ¢ times this length from the pressure edge action leaves the quadratic coefficient
2(1 —2)2 2)2
Q—Qq: - (F.6)

The linear coefficient is unchanged, so the finite-anchor entropy convention cannot make
the pressure dictionary exact. At zero source the linear term vanishes, as required by the
ordinary geodesic limit. The factors of 1/q also show why the joint critical-source and
ultraviolet limit requires separate control.

Apply the partition theorem with ¢ = erA/3 and recall D, = C; — nt. The absolute
normalization is then fixed as follows.

Proposition F.1 (Absolute normalization). Let A have fized finite n and distinct nonde-
generate interval endpoints, and let F be defined by (1.5) on the compact-essential-support
class Ac(A). In the leading vacuum RT entropy model, for 0 < A < 1,

cTA

F{(A) = ¢CFT(A) + BS(A) + O(ce/8), 7= 30 (F.7)
where the common source and endpoint term is
AW
B5(A) = g — + 2n(qlogq + Xarcsin \) — wAn| . (F.8)
€

The remainder is uniform on compact subintervals of [0,1) at fized endpoints and fized n.
If Y qisc s the sum of the separately pressure-optimized single-interval cap actions, then

F)\e - F)F;,disc = 7qG7F'{T + 0(06/6) (Fg)

Combining (4.15) with theorem 3.1 gives the absolute formula. The disconnected caps
share the term (F.8) and contribute ¢ Y, Srr(A4;) in entropy, proving (4.17). For n = 1,
the saving vanishes and (F.7) becomes the single-cap expansion. At A\ = 0, it gives the
usual RT minimum.

The passage from the RT entropy model to actual vacuum entropies requires a separate
assumption. In the chosen endpoint convention, write

S(pp) = Srr(Ag) + e, E = g%aén} les]. (F.10)
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Each partition has total error at most nFE. Comparing the minima therefore gives
|C; —CRY <nE, |G, - GEY| < 2nE. (F.11)

The error in (F.7) thus increases by at most gnE, and that in (4.17) by at most 2gnE. For
the finitely many subsets, E = o(c) suffices for the leading large-c result. Controlled O(1)
entropy corrections produce an O(n) value error, separate from the geometric ultraviolet
€ITOr.

G Oblique-cutoff BV reduction and planar horizon confinement

The thermal cutoff maps to an oblique ray in the hyperbolic plane. To prove theorem 6.1,
we minimize on the inward side of this ray with the prescribed BV trace. A global arc
calibration reduces the finite-perimeter problem to endpoint assignments. The minimizing
regions then lie strictly outside the horizon, so the enlarged domain and the physical
exterior have the same minimum.

G.1 The oblique cutoff and charged horizon

In the coordinates X = z/z;, and z/z, = sech p, the thermal metric becomes

d 2
% =dp* +cosh? pdX?, ~ 0<p<p.=arcosh(l/e), e=¢e/z. (G.1)

Writing s, = v/1 — €2, the isometry (U, Z) = (eX tanh p, e sech p) sends the cutoff to
I'e ={a(se,€) : a > 0}, a=ev/*n, (G.2)

and the horizon to Hy = {U = 0,Z > 0}. We first minimize over the hyperbolic domain
on the inward side of the cutoff, allowing extension through the horizon:

D.={U,2):Z>0, NU,Z):=—eU +5.Z >0}, ds3 = (dU?+dZ% /7> (G.3)

The boundary of this domain in H? is I'.. Let A, C I'. be the image of the prescribed
intervals. The class ,Ze(Ae) consists of positive sets, identified modulo null sets, with
1p € BV(D,), exact interior trace 14, on I, and compact essential support in D, viewed
as a subset of H?. Thus each competitor is contained almost everywhere in some compact
K C H?; K may depend on the competitor. Its support stays away from Z = 0; Euclidean
boundedness would not ensure this near the ray’s ideal endpoint.

Restricting to the exterior gives the charged-horizon problem

AF(A) = {E € A(A.) : E C {U >0} a.c.},

J;re = inf {Py(E;D.)+ XAreayg(FE)}. (G.4)
' E€A} (Ac)

Here Py (E; De) = [yepnp, 2~ dH"' and Areay (E) = [, Z72dU dZ. Taking the perimeter
relative to D, rather than D.N{U > 0} charges every reduced-boundary segment produced
by zero extension across Hg. No endpoint atom or attachment segment on Hj is free.
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In physical coordinates, compact essential support requires bounded x, while the radial
coordinate already satisfies € < z < zp,.

Imposing zero exterior BV trace on Hy defines the smaller class AXY. The minimizer
constructed below stays a positive distance from Hy, so the minima over A, At and A0
coincide. This equality permits either a charged horizon or zero horizon trace. Allowing
nonzero horizon trace without charging its perimeter changes the variational problem.

G.2 All-path minimum at the oblique wall
The hyperbolic length and area primitive are globally defined by

L _Yarvdz: ., _du o dUAdZ

In the Fermi coordinates of (G.1), b = sinh pdX + d¢ with 1) = arcsin(tanh p). The gauge
term has equal endpoint values on the cutoff ray. Hence

/A CLUS > (v - w). (G.6)

€

We orient the wall current A, _, toward increasing a, placing D, on its left.
For distinct physical endpoints in the order u,v, put t = |v — u|/zx, 0 = sgn(v — u),
and h = t/2. The directed action minimized over all paths in D, is

dye(u,v) = inf / (o — Ab), p(z) = e/ (s, ). (G.7)
C:p(u)—p(v),CCD. JC

For e < g = v/1 — A2, we obtain

gsinh + 2\ arcsin ﬂ — 20 A arctan W.

Vsinh? h + 2
To derive this expression, set a = e™n(wv)/zn  py = emax(wv)/zn = (g 4 bg)/2, d =
(bo —a)/2, and k = o\. The constant-curvature circle through the anchors has radius r
and center (H, —kr), with

dxe(u,v) = 2q arsinh (G.8)

L Rem+ 862 q2d22 + e2ab0’ H= M, H? — ¢*r? = aby. (G.9)
g —e Se

When e < g, its radius is the unique positive root of (¢? — €?)r? — 2kemr — (d? + abge?) = 0.
The center satisfies H > gr > 0: H starts positive at e = 0, remains continuous for e < ¢,
and cannot vanish because of the last identity in (G.9).

After a horizontal translation, the Fermi calibration of appendix D applies with sup-
porting geodesic radius ¢r. Its bound holds for all paths in H?, without any restriction
on the anchor locations. Equality selects the constant-geodesic-curvature circle with the
prescribed orientation, uniquely up to increasing parametrization and pauses. Reflection
covers the reverse orientation by sending b to —b. It remains to locate the calibrated arc
relative to the cutoff.
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The circle meets the cutoff line at a(s.,e) and by(se,e). Both ideal endpoints H + gr
are positive, giving N < 0 at either end of the full upper-half-plane arc. The segment
between the cutoff intersections is therefore its unique connected part with N > 0, and
satisfies N > 0 in the interior. At either endpoint, the absolute normal component of the
Euclidean unit tangent is d/r > 0, since the cutoff chord has length 2d. The calibrated arc
is thus admissible, with exactly two transverse wall contacts. The argument requires no
regularity assumption on competing paths.

The arc has Euclidean angular span and hyperbolic length

tanh h Asinh A
60' = 2arctan & — 20 arcsin L = 2 arccos w7
€ Vsinh? b + €2 Se
2 inh h
lye = — arsinh ety (G.10)
q e

The integral of a — \b is ¢*/ Ae — 0AO,, which yields (G.8). This is the optimized pressure
action; evaluating area on an RT curve would give a different quantity. At A = 0, the result
is the finite-anchor geodesic length 2 arsinh(sinh h/e).

G.3 Finite-perimeter reduction

For a competitor in ,Ie, extend its characteristic function by zero outside D, in H?. Com-
pact essential support defines a compactly supported integral two-current [E] away from
Z = 0, even when the free boundary is irregular or has additional wall contacts. The BV
trace and Gauss—Green formula on the straight Lipschitz wall give [35, Chapter 3]

T = Ae, — 0[E], [Te[[(Te) =0,
My = Z(ép(vi) - 6p(u¢))7 My (Tg) = Pu(E; De),
=1
SeW 1
Aveass(E) = = — Ty (b), My (T) = /z d|7|. (G.11)

A smooth test cutoff equal to one on the compact support justifies Stokes’ theorem. Any
horizon segment of a physical competitor lies inside D, and contributes to Ty, without
adding boundary atoms.

Decompose this current in the complete Euclidean (U, Z) plane as in appendix E. On
its compact support away from Z = 0, Euclidean and hyperbolic masses are comparable,
and Tg has finite normal mass. Theorem 5.3 and Proposition 2.4 of [19] give equality
of both current and boundary mass measures under decomposition. The distinct unit
endpoint atoms yield exactly n source-to-sink curves, with no endpoint cancellation. Inte-
gration against the bounded weight Z~! preserves mass additivity, while |b| < a ensures
absolute convergence and additivity of the line integrals. Each curve lies in spt Tg C D,.
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Consequently,

)\e
Py(E; D,) + A Areay (E) = 2 +Z/ o — \b) +Z/ (o — \b)

As W
> B +Zd)\e Ui, U 7r(z ZgH Zk
=1
AseW .
> dxe(Uiy Vn(s))- G.12
> — +m7;nzi: Ne(Wis Un(iy) (G.12)

The open curves remain in D,., where the all-path calibration applies even if they touch
the cutoff between their endpoints. Absolute convergence justifies both sums. No trace-
preserving smooth approximation or contact regularity theorem enters this bound.

Take a minimizing assignment and its calibrated arcs. At an intersection of two arcs,
exchanging their outgoing tails preserves the total directed action. Minimality then forces
each exchanged path to saturate its endpoint bound. Distinct oriented tangents would
produce a corner or reversing cusp, which violates the calibration equality conditions.
Equal oriented tangents instead determine the same constant-curvature arc by uniqueness
of the initial-value problem. Such a circle has only its two prescribed cutoff intersections,
so this case would require duplicate anchors. The minimizing arcs are therefore disjoint.

Closing each arc with its cutoff-ray chord gives disjoint or nested caps. Along the ray,
start and end anchors alternate. Their directions therefore alternate with nesting depth:
outermost arcs are forward, the next are reverse gap arcs, and the pattern continues inward.
Points covered by an odd number of caps form a compact positive region with exact trace
A, and boundary current A, _, — > ; C;. This region attains the lower bound in (G.12),
proving existence and the assignment formula

~ A eW
J)x,e— °

—i—mmZd)\e Uiy V(i) )- (G.13)

Conversely, equality in (G.12) eliminates every nonzero closed curve and makes all n
open curves the calibrated arcs of a minimizing assignment. Their free-boundary support
meets I'. transversely and only at the prescribed anchors. The original minimizer and
the alternating-cap region have the same integration-current boundary. Their compactly
supported characteristic functions thus have equal distributional gradients and agree almost
everywhere. This characterizes every minimizer modulo null sets. In particular, it excludes
additional tangential contacts and accumulations of contacts, including those beyond the
reach of local corner rounding. Null filaments and cracks do not affect the result.

G.4 Horizon confinement

An outermost arc has forward orientation and circle-center height —Ar < 0. Its circle is
confined, for Z > 0, to

H—qgr<U<H+qr, H—qr>0. (G.14)
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Together with its positive-U cutoff chord, this arc bounds a closed cap contained in U > 0.
All nested caps and free arcs lie inside the outermost caps. Thus every free arc of a
minimizing region, including each reverse gap arc, stays outside Hy. Compactness and
finite n imply a positive distance from each minimizing representative to Hy.

The minimizer on the enlarged domain therefore belongs to A}, Since AF? c A} C
.,Ke, the three infima equal (G.13), and every physical minimizer has the contact and con-
finement properties proved above. An independently minimized reverse arc can cross the
horizon: in the UV, a gap g does so when A > sech(g/(2zp)). Such an arc cannot occur in
a globally minimizing positive assignment. Individual channel minima therefore need not
be admissible exterior minima.

G.5 Ultraviolet information partition and finite-cutoff residual

At fixed nonzero endpoint separation, (G.8) expands as

9 _
dye(u,v) = 2qlog ZEh inh v = ul + 2(qlog g+ Aarcsin \) — oA
€
+ 20\~ coth o=l + O((e/z)?). (G.15)
Zn 2z,

For fixed separated endpoints, there are finitely many assignments. The expansion is
uniform over these assignments and over sources in compact subintervals of [0,1). It
therefore passes through minimization at the level of values, including at degeneracies
of the leading term. Each exact minimizing assignment is noncrossing, with >~ o =2x —n
determined by its positive components.

To relate the result to the entropy partition, map the boundary endpoints monoton-
ically to @ = e®/?». A thermal logarithmic edge is the vacuum edge between a, by plus
the local shift —loga — log by and a common cutoff convention. Since every matching and
every full information partition uses each endpoint once, these shifts leave theorem 3.1
unchanged. All set partitions remain allowed. Applying the theorem with g7 = e¢w\/3 to
(G.13) gives

As W

Fy 5.(A) = qCRTPT(A) + % [ + 2n(qlog g + Aarcsin \) — 7r)\n} + O(ce/zp).

(G.16)
The separately minimized singleton caps have the same additive baseline. Subtracting their

value proves (6.3). For an interval of length ¢, the finite-cutoff minimum at e < ¢ is

c [)\seﬁ
6

FS o ([ ut ) = +dA,e(u,u+z>}. (G.17)

For a stable minimizing matching, the first correction to (G.16) is

=Y gooth il (G.18)
6 Zh edges 22’h

Subtracting the corresponding singleton sum gives a generally nonzero correction to the rel-
ative minimum. Near ties, these corrections must also be minimized over the tied branches;
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the uniform estimate for the value is unchanged. As in the vacuum theorem, the entropy
correspondence holds at leading UV order and does not give an exact finite-cutoff identity.

The arc and BV results require e < ¢ at finite cutoff. This holds for sufficiently small
cutoff at every fixed A < 1, without implying uniformity in a simultaneous A — 1, shrinking-
gap or divergent-interval limit. Replacing leading RT entropies by the true thermal CFT
entropies is governed separately by the finite-partition error bound (F.11); the geometric
cutoff argument is unchanged.

H Global minimization on the compact cylinder

On the compact cylinder, a global minimum must also be compared across winding sectors.
The RT region bounded by complement geodesics and the horizon is an annulus [20], whose
Euler characteristic differs from its positive component count. We prove that an annular
pressure region minimizes globally in the example below, and that its value disagrees with
the unchanged information tariff.

Set R = z; = 1 and normalize the observables as J = 6F/c, S = 65/c, I= 61/c,
G =6G /c and T = 67/c. This removes an overall scale without fixing the physical central
charge. Impose x ~ x + H with H = 10, and choose

A =049, Ay=[5,99, A=0.1, ¢=+0.99. (H.1)

The two complementary gaps both have length g = 0.1. The exterior cylinder is 0 < p < pe,
with metric dp? 4 cosh? pdz? and cutoff parameter e = sech p.. Positive competitors have
exact BV trace A at the outer cutoff. All remaining boundary segments, including horizon
segments, contribute to the perimeter. Equivalently, extend the characteristic function
by zero through p = 0 before computing free perimeter. An essential inner boundary is
allowed to move through the exterior. It has no free endpoint on the horizon and is not
pinned there.

Denote the calibrated directed thermal edge action, excluding the fixed-trace term, by
d§(t,o) for t > 0 and o = +1:

d§(t,o) = 2qarsinh M 1 9\ arcsin Asinh(t/2)
‘ sinh?(t/2) + e2
1 — e2 tanh(¢/2
— 20X arctan V1 — e? tanh(t/ )7 <. H2)

e
We suppress the common fixed-trace contribution Asinh p.|A| in all channel comparisons
below.

The global primitive b.y = sinh pdx satisfies |bey1| < o, with dbey the area form. For
any oriented closed curve of winding w,

[ (@ =) = qHlul. (H.3)

This follows from « > cosh p |dz| and cosh p — Asinh p > ¢; reversing orientation can only
increase the lower bound. Equality is attained by a positively winding circle at

px = artanh A, H (cosh py — Asinh py) = ¢H. (H.4)
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This circle lies below the cutoff if and only if e < q.

To apply current decomposition, work on the complete doubled cylinder p € R, x €
R/HZ, with metric dp? + cosh? pda?. Zero extension through both the horizon and outer
cutoff makes [F] a compactly supported integral two-current. Subtracting its boundary
from the prescribed wall current gives an integral one-current of finite normal mass with
precisely the 2n endpoint atoms. Theorem 5.3 and Proposition 2.4 of [19] apply in this
complete metric space as in appendix E. The ambient mass is hyperbolic length, so equality
of mass measures directly gives length additivity. Since the global primitive by has norm
at most one, its line integrals also form an absolutely convergent series.

Choose a lift of each initial anchor. The corresponding open path then lifts uniquely
to a path ending at vr(;) + k;H for some integer k;. Decomposition is performed on the
finite-mass cylinder current, before lifting; no periodically repeated infinite-mass current is
required. By Stokes’ theorem the closed form dz integrates to zero on J[E]. Subtracting the
prescribed wall contribution gives total cycle winding — >, k;. This sum converges because
each loop has hyperbolic length at least H|w| and the total length is finite. Applying the
all-path calibration to the open paths and (H.3) to the cycles gives

> 5 (o) + ki H = wil, sgn(vey + kiH — w)) + gH . (H.5)

D ki

The bound is a relaxation of the region problem. It remains valid for sums of curves that

intersect or cannot bound an admissible region; these sums are not claimed to be geometric
saddles.
All integer lifts can be reduced to a finite comparison. Differentiating (H.2) with

h=1t/2 and s, = V1 — €2 gives

cosh hy/e2 + ¢2 sinh? h — o \sqe
s (1, ) = (HL6)

> q, e <q.
sinh? h + €2 4 4

To prove the strict inequality, subtract the square of q(simh2 h+e?)+oAsee from the square
of the first numerator term. The difference is (sinh? k4 €2)(gse — oAe)? > 0. Whenever an
edge has absolute lift displacement greater than H, removing one period lowers its action
by more than ¢H and changes the cycle penalty by at most ¢H. Repeating this step leaves
only the two lifts of each edge with absolute displacement below H.

There are two endpoint assignments for two intervals, each with four remaining lift
combinations. Symmetry reduces their eight lower bounds to

D =2d,(4.9), C=d4(99)+d_(0.1), B=g¢gH+2d_(0.1), (H.7)
N =qH +d(49)+d_(5.1), Ng=2¢qH +2d_(5.1), X =qH +2d(9.9), (H.8)
where C' and N each occur twice, and d4(t) = d§(¢t,£1). The first three expressions
correspond to two-disk, connected-disk and annular candidates. The remaining expressions

are lower bounds irrespective of mutual curve admissibility. Monotonicity together with
d_(t) > dy(t) gives N > D and Ny > N. Moreover, d;(9.9) —d_(0.1) > 9.8¢ — 27\ > 0,
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which implies X > B for (H.1). The two remaining comparisons have positive UV limits:

sinh 2.45
lim(D — B) =q|4log ——— — 10| —4nA =T. 1323139...
elg(l)( ) =q|4log b 005 0 A = 7.6771323139.. .,
) sinh 4.95

Their signs can also be fixed without the decimal evaluations. Elementary exponential
estimates give Ixr > 8 and 2log[sinh 4.95/ sinh 0.05] — 10 > 4. Together with ¢ > 0.99,
these bound the gaps below by 6.6 and 3.3, respectively. Continuity then preserves both
inequalities for all sufficiently small e.

We next establish attainment of the lowest bound and minimize the singleton reference
independently. The annular value B is realized by two reverse gap arcs and the optimized
essential loop. These curves are disjoint: in the UV the gap arcs have minimum radial
coordinate 3.5887524093 . . ., while p) = 0.1003353477 .. .. Their separation follows directly
from the circle geometry. Normalize the lifted endpoints of either gap to exp(+g¢/2) and
write the center as (h, —kr), with x = —\ and h? — ¢?>r2> = 1. The full circle obeys
|z — Zeentre] < arsinhr under z = logU? + Z2. In the UV, arsinhr = 0.0502516795. . .,
whereas adjacent gap centers are separated by 5. The smallest p is determined by A sinh p—
kr = cosh p, yielding the radial separation quoted above. Both separations persist for
sufficiently small cutoff. Removing the two gap caps and the inner collar leaves a positive
annulus with the prescribed trace, saturating each lower bound contributing to B.

For a singleton, the one-path relaxation leaves d4(4.9) and ¢H + d_(5.1), with the
latter strictly larger. The direct forward cap realizes the first value. In a centered lift it
satisfies cosh x = htanh p — Ar sech p. The right-hand side increases strictly with p > 0, so
the cap stays within its boundary interval in z. A width below H then ensures that the
cap is embedded on the quotient. Thus D is the sum of independently minimized singleton
values. At A = 0, the same argument establishes the RT phases used below. In each case,
attainment follows from an admissible region in addition to the sum of individual curve
minima.

The UV comparisons and attainment are uniform for 0 < A < 0.4. Indeed, ¢ > V0.84
and the coarse bounds above keep both gaps in (H.9) positive. The reverse-gap minimum
is exactly arsinh[csch(0.05)] — artanh A, which remains above the loop radius artanh A, and
its coordinate half-extent is at most arsinh[sinh(0.05)/1/0.84] < 0.055. These bounds give
a uniform UV source range around the example. Figure 6 shows the A = 0.1 representative.

The global minimization also determines the entropy comparison. Each singleton uses
its direct cap, whereas the union uses the two complementary gaps and the horizon. Hence

R inh 2.45 27\
Tnr = 4log 221220 40 — 8 9787760550 .. > 7, 7= 2

H.1
sinh 0.05 q (H.10)

The intrinsic two-atom saving is still G, = (fRT — 7)4. Comparing it with the pressure
minimum from (H.8), we find

lim (Jy — agise) = —qlgy + 4w\ = —7.6771323139 .. .,
—qG, = —qlIpT + 27\ = —8.3054508446 . . . . (H.11)
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The UV discrepancy is 27\, or e A/3 for general ¢ in this geometry. Common local endpoint
and fixed-trace counterterms cancel in the comparison and cannot remove it.
Gauss—Bonnet identifies the origin of this discrepancy. At zero source, for n fixed
intervals with geodesic free boundaries,
Y _ Ll sinh p. + nm — 27x(E) + o(1). (H.12)
Rz
The two disks have y = 2 and the annulus has y = 0. Their area difference is 47 R?, while
one information merger incurs a single tariff with normalized source-zero slope 2. The first
source derivatives therefore already disagree. Fixing the inner loop at the horizon changes
the finite-source problem and leaves this first-order discrepancy intact. The planar theorem
relies on equality of Euler characteristic and positive component count. This compact-BTZ
regime violates that equality and hence the representation with the unchanged tariff; the
example establishes no general compact-space representation.

I Numerical methods and checks

The numerical tests compare separate implementations of the partition problem, direct
curve integrals and finite-lattice entropy calculations. They test the formulas on finite
samples; the global correspondence follows from the analytic arguments above. Code,
input parameters and instructions for reproducing the calculations and figures accompany
the supplementary material.

Figures 3 and 4 show complete partition envelopes, including losing branches. Figure 6
combines pressure-minimizing curves, a topology schematic and the compact residual. The
coordinate curves use the exact optimized arcs, while schematic topology panels carry no
metric radial scale. This distinction permits separate checks of the geometric construction
and of its numerical action.

The first partition calculation compares four envelopes on 3310 endpoint geometries at
37044 tariff probes. The sample contains 243 three-component and 2187 four-component
separation-grid configurations, followed by 300, 300, 200 and 80 reproducible random con-
figurations at n = 3,4,5,6. Grid separations are chosen from {0.125,1,4}, and random
separations are log-uniform in [1072,10%]. An independently implemented calculation tests
141 geometries at n = 1,...,7, with six tariffs and both boundary-logarithmic and finite-
anchor geodesic costs, giving 1692 comparisons. The respective numerical assertion toler-
ances are 107® and 107!, These are implementation checks of theorem 3.1, not uniform
error bounds over geometries or computing platforms.

The free-Dirac comparison starts from the known continuum union entropy

C
Sp(4p) = 3 > logluy —ui| — > log[(uj —u;)(v; — v;)] — | Blloge| , (I.1)
i.jEB Az“<jB
1,)€

up to component-additive regulator constants [28, 29]. Diagonal terms give the single-
interval entropies; pairing the off-diagonal terms gives (5.11). We evaluate all 31 nonempty
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subsets of an asymmetric five-interval geometry at 70-digit precision, compare the five RT
channels at seven ratios, and compute finite hopping-chain union entropies in the CAR
convention for widths 40, 80, 160, 320 sites. The finite-lattice value of I3 need not vanish.
Its cutoff dependence tests approach to the continuum formula without establishing a
convergence rate or a finite-c¢ holographic correction.

For pressure, direct circle integrals are compared with the optimized edge actions.
The collective and nested envelopes are evaluated in full, and both residual coefficients are
tested on the 80-cutoff grid specified in figure 5. The area response is evaluated on the two
sides of the actual finite-cutoff crossing. Thermal tests cover 200 random finite-component
geometries and 96 near-wall cases. The compact calculation checks the winding-sector lower
bounds and separation of the gap arcs from the optimized essential loop. These samples
test distinct steps of the construction and carry no common maximum-error estimate;
calibration and current decomposition provide the corresponding global statements.
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